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1. BEKTOPHAS AJITEBPA

1.1. Onpenesienne BekTopa. JIuHeliHbIe ONepaliii HAJl BEKTOPAMU

Omnpenenenue. Hanpasnennvim ompe3kom HA3bIBACTCS YINOPSAAOYEHHAs Iapa
TOYEK MPOCTPAHCTBA.

Omnpenenenune. Hauarom M KoHyoM HANPABIEHHOIO OTpE3Ka HA3bIBAOTCA,
COOTBETCTBEHHO, IIEpBasi U BTOpasi TOUKU ITOU Maphl.

Omnpenenenue. /[iunou HANPABICHHOTO OTpe3Ka HA3bIBAETCA PACCTOSIHUE
MEXAY STUMU TOUKAMH.

Omnpenenenne. HanpaBiaeHHBI OTPE30K HA3BIBAETCS H)J1€8bIM, €CIH €T0
Hayajo M KOHEL COBIAJIA0T.

Onpepnenenue. JlBa HEHYJEBbIX HANpaBICHHBIX OTpe3Ka Ha3bIBAIOTCS
KOMIUHEeApHbiMU, €CIW TpsMbIE, HAa KOTOPBIX OHHU JIEXKAT, MAPAJIIENbHBl WIH
coBmnagaT. HyneBoil HampaBIEHHBIM OTPE30K CUMTACTCS KOJTMHEAPHBIM JIFOOOMY
HaIlpaBJIEHHOMY OTpPE3KY.

Onpenenenue. J[Ba HEHYNEBBIX HANpPABICHHBIX OTPE3Ka, JIEKAIIUX Ha
MapajuIeNIbHbIX MPSIMBIX, COHANPAsaeHbl, €CIIA UX KOHIIBI JIEKAT MO OJIHY CTOPOHY OT
MPSIMOM, COEAMHSIONIEN HMX Hayana, U NpOmueonooNdCHO HANPABIEHbl, €CIU TIO
passble. Ecnu HeHysieBble HampaBleHHbIE OTPE3KH JIKAT Ha OJHOW MPSIMOW, TO OHU
coHanpaenenvl MEXAy COOOW, €clii CYIIECTBYeT HalpaBJICHHBIA OTPE30K,
COHANPaBJIEHHBIN KaXKIOMY U3 HUX, U NPOMUBONOJIONCHO HANPABIEHbl B TIPOTUBHOM
clIyyae.

Omnpenenenune. J[Ba HampaBlICHHBIX OTPE3Ka paABHbI, €CIA OHH HUMEIOT
OJIMHAKOBYIO JIJTMHY U COHAIPABJICHBI.

Onpenenenue. Bexmopom Ha3zbiBaeTcs H1000W M3 paBHBIX MEXAy COOOM
HaIPaBJICHHBIX OTPE3KOB.

Wtak, BEKTOp — 53TO MHOXECTBO, COCTOsIIEe W3 OECKOHEUHOTO YHCIIa

anemeHToB. Ecnmu AB€a, TO TOBOPAT, YTO HamNpaBlIEHHbIH OTpe3oK AB
uzobpaosicaem éekmop d, TPU 3TOM Ha YEPTEKE PUCYETCSI UMEHHO HalpaBJICHHBIN

OTpE30K AB, a roBOpAT MPO HEro «BEKTOpP». B 4yacTHOCTH, KOTraa Mbl TOBOPUM
«OTJIOXKUM BEKTOP d OT TOUKU O», TO UMEETCA B BUY, UYTO CTPOUTCSI HAIIPABJICHHBIN

otpe3sok OA, H300paKarONIHii BEKTOP .

[locrne Toro kKak OaHO ONpejesieHHe BEKTOpa, BCE MOHSTHS, CBSI3aHHBIE C
HaIpaBJICHHBIMU OTpPE3KaMH, IEPEHOCSATCS Ha BEKTOpPbI CIEAYIOMUM 00pa3oM:
TOBOPST, YTO BEKTOPHI OOJaJalOT HEKOTOPHIM CBOMCTBOM, €CIM 3THM CBOWCTBOM
oOnagaroT wu300paxarouMe WX HampaBieHHbIE OTpe3ku. Hampumep, BeEKTOpPbI
Ha3bIBAOTCS PAGHLIMU, €CITU PABHBI 1/1306pa>1<a101111/1e WX HANpaBJIEHHbIE OTPE3KHU.

Onpexneaenne. Cyymmoii G+b BEKTOPOB @ W b HA3BIBAETCS BEKTOP, HAYAIO
KOTOPOTO HAaXOJMUTCS B NMPOU3BOJIBHOM TOUKE A MPOCTPAHCTBA, a KOHEI[ CTPOUTCS
CHELYIOLIM 00pa30M: OTIOKHM OT TOUKH A BeKTOp AB, PaBHBIH BEKTOPY @, @ OT
Toukn B Bektop BC, paBHBI BekTOpy b ; Toraa Touka C i GyeT KOHIIOM BEKTOpa
a+b.

Onpenenenne. [Ipoussedenuem ' d BEKTOpa d HA JCWCTBUTEIBHOE YHCIIO O



, COHANpaBJICHHBIN ¢ BEKTOpoM d, eciiu >0, u

Ha3bIBACTCA BCKTOP AJIMHBI ‘O{‘ ‘C_i

HaIlpaBJICHHBIA MPOTUBOIIOJIOKHO BEKTOPY d , eciii o <0.

Ceoticmea clocenusi 6eKmopos.:
1. Va,b:a+b =b+a (KOMMYTaTUBHOCTb CIIOKCHUS).

2. Va,b,c:a+ (b + E) = (Zi +b ) + ¢ (acconuaTuBHOCTH CJIIOKEHHUS ).

3.Va:a+0=a.
4.Va:a+(-a)=0.
Ceoticmea YVYMHOJMCEHUA 6eKmopa HA YUCIO.

1. Va;Va,B €R: (aﬁ)ft = a(ﬁﬁ) (acCOIMATHBHOCTB).

2. Va;Va,BER: (a + B)Zl —ad—+Pa  (qucTpuOyTHBHOCTH IO
OTHOIIEHHIO K CIIOKEHHIO JIEHCTBUTENBHBIX YMCEN).

3. Va,b;Va eR: Oé(c_i +b ) — ad +ab (aucTpUOYTHBHOCTE IO

OTHOILIEHUIO K CJIOXKEHHUIO BEKTOPOB).
4.Va:l-a=a .

JlonmoiHUTEIbHBIE ONepPaluu
Onpenenenune. Pasnocmvio a—b BEKTOpOB d W b Ha3bIBA€TCA BEKTOP,
paBHBI Zi+(—1)-b.

Onpenenenue. Yacmuvim d/ o OT AeneHus BekTopa d Ha yucio o (o #0),
Ha3bIBaeTCs BEKTOp, paBHbI (1/a)-a.

Onpenenenue. Tpu HEHYJIEBBIX BEKTOPA HA3BIBAIOTCA KOMNIAHAPHLIMU, ECITHA
OyIyud OTJOXKEHHBIMU OT OJIHOM TOYKHM, OKAa3bIBAIOTCS JIEKAIIMMH B OJHOU
mwiockoctu. (HyneBoit BeKTOp KOMILIaHApEH € JII0OObIMU ABYMsI BEKTOPAMH).

Onpenenenune. Jluneuinoti xomoOunayueu BEKTOPOB d,,d,,...,d, HAa3bIBAECTCS
BBIpA)XKEHUE BHIA Q,d,+0,d,+..+a,d , TAe KOIPOUIHUEHTBl «,,0,,....,0, —

n

HCﬁCTBHTeHBHBIe quciia.

Onpenenenue. Eciu BEekTOp TMpeACTaBlIeH Kak JIMHEWHasT KOMOWHAIIMS
HEKOTOPBIX BEKTOPOB, TO TOBOPSAT, UTO OH pA3/10J4CeH TI0 3TUM BEKTOPaM.

Onpenenenue. JIuneiiHas KOMOMHAIIUSI BEKTOPOB HA3bIBACTCS MPUBUATbHOU,
eciu Bce ee K03 (DUITMEHTHI paBHBI HYJII0, U HeMpPUBUAIbHOU B TIPOTUBHOM ClTydae.
Omnpepenenne. HaGop BekTOpoB  4,,d,,...,d, Ha3bIBACTCS  JIUHELHO

3a6UcCUMbIM, €CIIA CYIIECTBYeT HETPUBHAIbHAS JIMHEWHAs KOMOWHAIUS OSTHUX
BEKTOPOB, paBHAasl HYJIEBOMY BEKTOPY, U JUHEUHO HEe3a8UCUMbIM B TPOTUBHOM
ciydae.

Teopema. Jlns Toro uroObl JBa BEKTOpa OBUIM JIMHEHHO 3aBUCHMBI,
HEO0OXOJUMO U JOCTATOYHO, YTOOBI OHU OBLIIA KOJITMHEAPHBI.



Jloka3aTeqbCTBO HEO0XOAUMOCTH. JlaHO: BEKTOPBl d, U d, IUHEHHO
3aBUCUMBL. TpeOyeTcst Joka3aTh, YTO OHM KOJIMHEapHbl. Tak Kak BEKTOPHI d, U d,
JUHEHHO 3aBUCHUMBI, TO CYLIECTBYIOT uHMclIa o, MU Q,, HE pPaBHBIE HYIIO
OJHOBPEMEHHO, M TakKHe, 4TO o,d, +a,d, =0. Ilycts, Hampumep, a, #0, Torma
a,=—(a,/a,)-a,; orcroJa clielyeT, UTO BEKTOPHI d, U d, KOJJIUHEAPHBI.

Jloka3aTeqbCTBO AOCTATOYHOCTH. J[aHO: BEKTOPBI d;, M d, KOJUIMHEAPHBL.
TpeGyetcst [oKka3aTh, YTO OHU JIMHEWHO 3aBUCHMBI.

Ecnu d, =0, To uMeeT MecTo paBeHCTBO 1-d, +0-d, =0, a 3To 03HauaeT, 4To
BEKTOPBI d, U d, TMHENHO 3aBucUMSBI (o, =1#0).

Ecmu xe a, #0, 10, 6epss o¢ B COOTBETCTBUU C OIPEICICHUEM IPOU3BEACHUA
BEKTOpa Ha 4YMCJIO, HAXOIUM d, =« -d,, WIn —¢ -d, +1-a, =0, 3Ha4uT BEKTOpHI d, U
d, JIMHENHO 3aBHCHMBI.

Teopema. Jlns Toro uToObl TpU BEKTOpa OBUIM JIMHEHHO 3aBUCHMBI,
HEO0OXO0MMO U JOCTATOYHO, YTOOBI OHU OBLIM KOMIUTAaHAPHBHI.
JlokazaTeqbCTBO He00XoaAMMOCTH. JlaHO: BEKTOpBl d,, d,, 4, IUHEHHO

3aBucuMBI. TpeOyercs 10Ka3aTh, YTO OHU KOMILIaHAPHBI.
Tax xak BEKTOpHI d;, d,, d, JIMHEHHO 3aBUCHMBI, TO CYLIECTBYIOT YUCIA C,

(04 05, CpCau KOTOPBIX C€CTb XOTA ObI OIHO, HC pPABHOC HYJII, TaKHC, YTO

2>
od, + a,d, +ayd, = 0. ITycTs, Hanpumep, o, #0, TOTr/a
a,=—(a,/ay)-a,—(a,/ a;)-a,.

Bekropel —(a,/a;)-a, m —(a,/o;)-d, KOIIMHEAPHBI COOTBETCTBEHHO
BEKTOpaM d, U d,; OYEBUJHO, CyMMa TaKUX BEKTOPOB, TO €CThb BEKTOp d, OyIeT
KOMIIJIaHAPEH C BEKTOPaMHU d, U d, .

Jloka3aTeqbCTBO JOCTATOYHOCTH. [laHO: BEKTODPHI d,, d,, d; KOMIUIAHAPHBIL.

Tpe6yeTc51 A0Ka3aTb, YTO 9THU BCKTOPLI JIMHEWHO 3aBUCHMBI.
Ecmu BCKTOPbI Eil u 52 KOJUIMHCAPHBI, TO OHHU JIMHEMHO 3aBUCHMBI (TeopeMa

BBIIIE), T. €. HAWAYTCS YUCla @, U Q,, U3 KOTOPBIX 10 KpailHel Mepe 0HO HE paBHO
HYJIO M Takue, 4To .4, +a,d, =0, Ho Torna u a,q, + a,d, +0a, =0, T. €. BEeKTOpBI
d,, d,, 4, TMHEeHHO 3aBUCUMBIL. IIyCTb BEKTOpPBI d; U d, HEeKOJUIMHEApHbL. OTI0KUM

—_—

BEKTOpPHI d,, d,, d; OT OJHON U TOH e Touku O: OA, =d,;, O4,=a,, O—A; =a,. Tak
KaK BEKTOpBl @, d,, d, KOMIUIaHapHbI, TOo Toyku O, A, A,, A, nexar B OgHOU
wiockocTd. CrnpoextupyeM Touky A, Ha npsamyro OA, napaienbHo npsamon OA,;
nycTh P — 3ta npoeknus. Toraa O—A; =OP+ P—A; 1 Tak Kak OP la, na #0, P—A; | a,
ua,#0, 70 6eps a, U ¢, B COOTBETCTBUU C ONPECICHUEM IIPOU3BEACHHS BEKTOPA
Ha 9mCII0, Haxoaum OP = a,a,, P—A; =a,d,, TaKk 4T0 d, = o,d, + 0,d,, T.. BEKTOPBI
d,, d,, d, TAHEHHO 3aBUCUMBI.
Teopema. Besxue ueTbpe BEKTOpa B IPOCTpaHCTBE (R) IMHEIHO 3aBUCHMBL
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Joxa3zaTeabcTBO. Ecayu BEeKTOpHI d, d,, G, KOMIUIAHAPHBI, TO OHU JTMHEHHO

3aBHUCHUMBbI (TeopeMa BBIHIC), T. €. HaﬁHYTCH quciia @,, «& (04 N3 KOTOPBIX IIO

20 Uszo
KpaliHell Mepe OJJHO HE pPaBHO HYINIO U TaKHe, YTO a,d, + Q,d, + 0,d, = 0, HO TOra U
o,a, +o,a, +osa, +0a, = 0, T. €. BeKTOPHI d,, d,, d,, d, TMHEWHO 3aBUCUMBI. IIycTb
BEKTODPHl d,, d,, d, HEKOMIUIaHAapHbl. OTIOXHUM BCE BEKTOpHl d,, d,, d;, d, OT
omHON U Toi ke Touku O: OA =d,, OA,=a,, O_A;:c@, OA,=d,. ycts P —
npoexuus TOYkH A, Ha mIockocTs OA A, mnapamnensHo npsamod O4,, a QO —
npoekuss Todkn P Ha npamyro O4, mnapamuensHo npsamoi OA,. Torna

a,=04,=00+ QP+ PA,. Bexropsl OQ, Q73, PA, COOTBETCTBEHHO KOJUIMHEAPHBI
BEeKTOpaMm d,, d,, d,. bepd «a,, o, W «Q; B COOTBETCTBHUU C OIpEICICHHEM
MPOM3BEICHHS BEKTOpa Ha wmcio, HaxoxuM OQ = a,d,, OP = a,d,, PA, = o,a, , TaK
410 d, = Q,d, + ,d, +a,d;, T. €. BEKTOPHL 4, d,, d;, d, TUHEWHO 3aBUCUMBIL.

Onpepenenue. baszucom Ha3bplBaeTCd MaKCUMalbHBIA HAOOp JHMHEHHO
HE3aBUCUMBIX BEKTOPOB, B3SITHIX B ONPEEICHHOM MOPSIIKE.

N3 noka3aHHBIX TCOPEM CJICAYCT, HYTO 0a3ncoM Ha IUIOCKOCTH SBJISICTCS
YOnopsAaodCHHad IIapa HCKOJUIMHCAPHBIX BCKTOPOB 519529 JIeXKaIIUX B DTOM

IUIOCKOCTH, a 0a3MCOM B NPOCTPAHCTBE — YIOPSAIOUYEHHAs TPOilka HEKOMILJIaHAPHBIX
BEKTOPOB €,,6,,€;.

Omnpepenenne. Eciu BexkTop d pasinoxkeH no 0Oasucy €,6,,6;, T. €.
a=ae +a,e, +a,é, To Yicia a,,a,,0, Ha3bIBAKTCI KOOpOUHamamu BEKTopa d B
Oasuce €,ée,,é,.

. 3

Teopema. Bcskuii BekTOp B NpoCTpaHCTBE (R°) MOXET OBITh M MPU TOM

€AMHCTBEHHBIM 00Pa30M pa3ioKeH 1Mo 0a3ucy B 3TOM MPOCTPAHCTBE.

Jloka3aTeJibCTBO CYLIECTBOBAaHHUA pa3ioxkeHusl. Ilyctb ecTb BEKTOp d M
0asuc é,¢é,,€é,. Tak Kak BCAKUE YEThIPE BEKTOPA B IPOCTPAHCTBE JIMHENHO 3aBUCUMBI,

TO HalayTcd 4ucia q,, a,, C,, O, U3 KOTOPBIX 110 KpaliHE! Mepe OJHO HE PaBHO

HYJIO M Takue, 9To o, d + €, + a,e, + a,é; =0. Ecin o,=0, 10 o€, + a6, + a6, =0,
rje XoTs Obl OJHO M3 4YuCell «,, Q,, O, HE paBHO HyIr0. CienoBaTenabHoO, €,6,,6,
JVHENHO 3aBHCHMBI, YTO MPOTUBOPEUUT onpenencHuto 6asuca. T. e. a, #0. Toraa

a=—(a,/a,)e —(a,/ay)é, —(a,/ a,)é, — paznoxeHue BeKTopa d 10 0asucy
€,6,,6,.

Jloka3aTelbCTBO  €IMHCTBEHHOCTH pa3dioxkenusa. Ilycte ecth nBa
pa3I0KEHUs a=ae +a,e,+a.e u a=pe + B,e + Piée,. Torna
o€, + a6, +a,e;, = fi€ + b€, + Bié;. CrnenoBaTenbHo, H0JIy4aeM, 4TO

(a,=B)e +(a, - B,)e, +(a;, — B;)e, = 0. Tak Kak €,€,,6; — 0a3nuc, TO BEKTOPBI
é,€,,6, JIMHENHO He3aBucuMsl, T. €. ,— 3, =0, a,—-B,=0, a,— B, =0. 3Hauur,



o, =B, a,=p,, ;= [, 1 paznokKeHne eIUHCTBEHHO.

KOOpIII/IHaTBI BCKTOpPAa B JTaHHOM Oasuce OIIPCACIAOTCA OJHO3HAYHO, IIO3TOMY
€CIM HaM KaKHM-TO CIIOCOOOM YAaJloCb HX OINpcaciintTb, TO MOXHO OBITH
YBCPCHHBIMU, YTO U JIFOOBIM Apyrum CII0OCOOOM MMOJIYYHUTCS TOT KC CaMBbIi pe3yJIbTaT.
HpI/I 9TOM, KOHCYHO, C€CJIMU MBIl CMCHHM 6331/10, TO KOOpAWHATBI BCKTOpA, BOO6H_[C
roBops, U3BMCHATCH.

Omnpenenenue. [IycTb ganel 1Ba HampaBieHHbIX 0Tpe3ka OA4 u OB c o0umuMm
HayalioM. Yerom MeEXJIy HUMU HA30BEM HAWMEHBIIMH W3 TUIOCKHX YIJIOB,

oOpazoBaHHbIX yduamMu OA u OB, eciu OA#0 u OB # 0. Ecnu sxe XoTst 661 OAUH U3
ATUX HaMPABICHHBIX OTPE3KOB HYJIEBOM, TO YroJl MEXAY HUMH HE ONIPEACISCTCS.

Onpenenenue. Yenom medncoy 08ymsi 6eKmopamu Ha3bIBACTCS YIoJl MEXKITY
N300pKAOIIUMH WX HAIPaBJICHHBIMU OTPE3KaMH, OTJIOKCHHBIMH OT OJHOW TOYKH
npoctpancTBa. (OOpaTuTe BHUMAaHHME Ha PA3HUILY MEKIY MOHATHAMHU yria MEXTy
MPSAMBIMH U yTJIa MKy BEKTOPAMH: YTOJ MEKIY MPSIMBIMA HE MOXKET OBITh TYIIBIM,
B TO BpeMsI KaK YroJl MEX Iy BEKTOpaMU — MOJKET.)

Onpenesenne. JIBa BEKTOpa HA3BIBAIOTCA OPMOSOHANGHLIMU, €CIIH  YIOJ
MeX Ty HUMH paBeH 90°.

1.2. CkansipHoe npousBeeHre BEKTOPOB

Onpenenenue. CkanrapHuiM npouzgedenuem JIBYX HEHYIEBBIX BEKTOPOB
HAa3bIBACTCSl YUCJIO, PABHOE MPOM3BEACHUIO UX JUJIMH HA KOCUHYC yrila MEXAy HUMU.
Ecnm xoTs Obl OMH W3 BEKTOPOB HYJIEBOH, TO UX CKaJIpHOE IMPOU3BEACHHUE IO
ONPEIEIICHUIO TI0JIArat0T PABHBIM HYIIIO.

—

CkansipHoe pou3BeieHre BEKTOPOB d U b o0Oo3HayaeTcs d b .

Ceoticmea cKanapHo2o npou3eeoeHus:
l1.Va,b: a-b=>b-a (KOMMYTaTUBHOCTb).
—_ — — — 2 — —

2. Va: a-a= | a| >(0; BblpaKeHnue d-d Ha3bIBACTCS  CKAIAPHBIM
K6éaopamom BEKTOpa d ¥ 0003HAYAETCS - .

3. Ecrm a-a=0, o a=0.

4. Va,h,é; Ya,B€R: (a-d+B-b)-¢=a-(d-&)+6-(b-7)
(JIMHEHHOCTH ).

Teopema. [l Toro 4roObl JBa HEHYJIEBBIX BEKTOpa OBLIM OPTOTOHAJBHBI,

HEO0OXOIUMO U JOCTATOYHO, YTOOBI X CKAJISPHOE MPOU3BEJICHUE PABHSIOCH HYJIIO.

JokazaTeabcTBO HeoOxogumocTu. Jlano: a#0, b#0, a L b. TpeOyercs
JIoKa3aTh, uTo a-b =0.
Jleiictautensho, @ -b =|al-|b|- cos (a5 )=[d- |b|- cos 90°=0.



Jloka3arejbcTBO qocTtaTouHocTH. [lano: a =0, b#0, a-b=0. Tpelyercs
JIoKa3aTh, UT0 a L b.

Tak kak Ei-l;=0, TO ‘&"-‘5‘-(:034(5;5)20. ITockonbky 5¢6, l;if), TO
cosl(c_i;l;) =0. CnemoBaTenHO, 4(5;5):90", T.e.d lb.

Onpenenenue. ba3uc Ha3bIBa€TCA OpmMOCOHANLHBLIM, €CIAU €ro BEKTOPbI
MONIapHO OPTOTOHAJILHEI.

Onpenenenue. ba3uc Ha3bIBACTCS HOPMUPOBAHHBIM, €CITH €70 BEKTOPHI UMEIOT
SIUHUYHYIO JITUHY.

Onpenenenue. ba3zuc Ha3pIBaeTCs  OpMOHOPMUPOBAHHBIM, €CIH  OH
OpPTOTOHAJIBHBIA U HOPMUPOBAHHBIH.

Onpenesienue. BekTopbl OpTOHOPMUPOBAHHOTO 0a3UCa HA3BIBAIOTCS OpMAMU.

Onpenenenue. Hanpasnarowumuy  KOcuHycamu  BEKTOpa  Ha3bIBAIOTCS
KOCHUHYCHl  yTJIOB ¢, 3, ¥, o00Opa3yeMbIX OSTHM BEKTOPOM C BEKTOpaMH

OPTOHOPMHUPOBAHHOTO 0Oasuca.
a- ) ]
3ameuanue. cosq =————= — —
lal-|é | 2

Awnanoruuso cosff =a,/|d|, cosy =a,/|a|.
o 2 2 2

Ceoticmeo HanpasuAWUx KOCUHYcog: cos  a +cos” f+cos y =1.

Onpenenenue. /Ipoexyuei BEKTOpa d Ha HEHYJEBOM BEKTOpP b Ha3bIBAeTCs
BEKTOp, COHAINpPABIEHHBIM BEKTOPY b U uUMEUH IHHY (C Y4YEeTOM 3HaKa)
lp;a =‘Ei‘- cosl(c_i;b) (MM, y4MTBIBasl OMpEJEICHHE CKaJspHOTO IPOU3BEICHUS,

. _a-b
le;a:T).
b

TeopeMa. B OPTOHOPMHUPOBAHHOM Oasuce CKAJIPHOC IMPOU3BCACHUC BCKTOPOB
pPaBHO CYMMC HpOH3BeI[eHI/Iﬁ HUX COOTBCTCTBYIOIIUX KOOPAWHAT.

JokazarenbcrBo. Ilycte d=aé +ae, +ae, u b=be +be, +be, B
OPTOHOPMHMPOBAaHHOM Oasuce é,é,,6,. Tak kak ¢,¢é,,6;, — OPTOHOPMHUPOBAHHBIN

0asuc, TO ‘el‘ = ‘ez‘ = ‘63‘ =1; e le,e Lle,e Le,. CnemoBarenbHo, ¢ ¢ =1,

!

2'52:19 é’3'53:1; é]'ézzop 91‘6320, 52‘5320. Torna
a-b=(a@ +ae, +ag,) (bé +be, +bée,)=
=a1b1 (él 'él) + albz (él 'éz) + a1b3 (él '53) +

1 0 0
+ta,b (¢, ¢)+ ab,(e,-¢,)+ a,b (e, ¢)+

0 1 0
tab (& -¢€)+ ab,(e;-¢,)+ ab;(é- €)=

0 0 1

=ab +a,b, + ab,.
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1.3. BekTOpHOE Npou3BeAeHUE BEKTOPOB

Onpepnenenue. VYnopsgoueHHas TpoWKa HEKOMIUIAHApPHBIX  BEKTOPOB
Ha3bIBAETCS NpPABOU MPOUKOU, €CIW U3 KOHIIA TPEThEro BEKTOpa KpaTdyaullnii
MOBOPOT OT MEPBOrO KO BTOPOMY BHUJEH MPOTUB YacoBou cTpenku (puc. 1). B
IIPOTHBHOM CJIy4ae OHA HA3bIBACTCS J1€80U MPOUKOU.

JleBas Tpolika [IpaBas Tpoiika
Puc. 1

[Ipu mepecTaHOBKE B yHOPSIOYEHHOU TpOilke NBYX JIIOOBIX BEKTOPOB TpPOMKa
MEHSIET OPUEHTALMIO HA POTUBOIOI0XKHYIO.

Onpenenenue. Bexkmopuviv  npouzgedeHuem  a xb HEKOJUIMHEAPHBIX
BEKTOPOB d U b Ha3bIBACTCS BEKTOP ¢ , TAKOI, UTO:

1. [¢|=|a]-|p|-sin 2(a;5);

2.6Llanélb;

3. BEKTOp ¢ HAIpABICH TaK, YTO BEKTOPHI d, b M ¢ B yKAa3aHHOM IOPSIIKE
00pa3yIoT paByio TPOHKY.

—

B ciyuae, ecinu BEKTOpbl d M b KOJUIMHEAPHBI, UX BEKTOPHOE MPOU3BEICHUE
paBHoO 0.

Ceolicmea 6eKmMOPHO20 NPOU3BEOCHU:
1. Va,b: axb=—-bxa (aHTUKOMMYTaTUBHOCTb).

2.Va: axd=0.

3.Va,b,é; Ya,0€R: (a-d+B-b)x¢=a-(@xc)+ 3-(bx7)
(JIMHEHHOCTH ).

[lono6HO TOMY, Kak 3TO OBUIO CHEIaHO AJii CKAJISPHOTO INPOMU3BEICHUS,
MOXHO TIOJIYYUTh BBIPAKEHHUE IS BEKTOPHOTO IMPOU3BEICHUS BEKTOPOB HEpe3 HX
KOOPAWHATHI B 3aJJaHHOM Oa3uce. UTOOBI 3amucaTh UX B KOMIAKTHOW U YIO0OHOM J1st
3arnoMUHaHus GpopMe, HaM MOTPeOyeTCsl HOHATUE OnpedesUumers.

Onpenenenue. PaccmorpuM deTwipe uucia: a, b, ¢ u d. I3 HUX MOXKHO
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COCTaBUTh TAOIUIly 2X2: . 2 , KOTOpasi Ha3bIBACTCS KBAOPAMHOU Mampuyell
c
8MOp0o20 NOpsOKa.

Onpenenenune. Yucna a, b, ¢ U d Ha3BIBAIOTCA 21eMeHMAMU MATPHULIBL.
OneMeHThl a W b 00pa3yloT MEepPBYIO CTPOKY MATPHIIBI, DJIIEMEHTHI ¢ U d — BTOPYIO
CTPOKY; 3JIEMEHTHl @ U ¢ 00pa3yroT MEPBBIM CTOIOEI] MATPHUIIBI, SJIEMEHTHl b U d —
BTOpPOH CTOJIOE.

Onpenenenune. Yucno ad-bc  HazwiBaeTcs  onmpedenumenem (WU

a b a b
oemepMUHanmom) MaTpuIIbl J 1 0003HAYaeTcs TaK:
C C

a a a

1 2 3

Omnpenenenne. Avanornuso, Tabmuua | b, b, b, |, cocTaBieHHas U3 AEBATU
G G G
YUCell, Ha3bIBACTCS K8AOPAMHOU Mampuyeli mpemve2o nopsoKd.

Kak u B ciydae mMaTpuiisl BTOPOTO MOPSAKA, BBOASTCS MOHSATHUS 3JIEMEHTOB
MaTpHIIbI, €€ CTPOK U cToJ010B. CTPOKHU MO-TIPEeKHEMY HYMEPYIOTCS CBEpXY BHU3, a
CTOJIOLIBI — CJI€BA HAIIPABO.

b, b, b, b, b b

2
Onpenesenune. Ywucao aq- —a,- +a,- Ha3bIBaCTCs
CZ C3 cl C3 cl 02

onpedenrumenem (WA Oemepmunanmom) matpuusl | b, b, b, | n obo3Hayaercs
a

a a

—

2 3

b, b, b,|. bonee nonHas Teopus MaTpPUI] U ONPEAEIUTENEH OyAET AaHa MO3XKE.
c

c ¢ G

—_

Teopema. Ilycts €,6,,6, — npaBblii OPTOHOPMUPOBAHHBIN 0a3KC, U B ITOM

Oasuce a = a6 +a,e, +a,é; u b=>be +b,e, +be,. Torna BekTOpHOE MPOU3BEICHHE

el 62 e3
d xb BBIYMCIAETCA IO cnenyoomeit popmyne axb=la, a, a,
bl b2 b3

Jloka3arenbCcTBO. Tak Kak é,,¢,,€, — IpaBblil OPTOHOPMUPOBAHHBIN Oa3HC, TO

‘el‘:‘e‘—‘e‘—l ele,e Le,e, Le. CnenosarenbHo, ¢ xe =0, e, xe, =0,

e, xe, = 0. ITockoyibKy,  BO-TIEPBBIX, ‘E ‘ = ‘E HE ‘-sinl (e ) BO-BTOPBIX
é le,e Le,, nB-TpeThux, §€,€,,6, — IpaBas TPOUKa, TO € X €, = &,. AHaJIOTU4HO,
é,xe =-¢6, €xeé=—¢, eéxé=¢, éexeé=¢, exe=—¢. Torm

axb = (ae +ae,+ae)x(be +be, +be,)=

12



=ab (e, xe)+ab,(exe,)+ a1b3 (¢ % é’3) +
H_J H_J

0 e —é
+a,b (e, x¢€)+ a,b, (e, x¢e,) + a2b3 (€, % é’3) +

—e3 0 €
+a3b1 (e3 xé)+ a3b2 (e3 Xé,)+ a3b3 (e3 X 63) =
> — —
e —e] 0
=a1bzé3 _a1b3éz _a2b153 +a2b3él +a3b152 _a3b251 =

=(a,b, —a,b,)e, —(ab, — a,b))é,+(ab, — a,b,)e,=

e e e
ey, a L ey a) e ay|
- & +e - =g a, 4,
b, b, b b, b b,
b b b,

Teopema. /[nnHa BEKTOpa BEKTOPHOTO MPOU3BEICHUS d xb YHCICHHO paBHa
IUIOMAH apauIelorpaMMa, ITOCTPOSHHOIO Ha BEKTOPAaX d M b, KaK Ha CMEKHBIX
CTOpPOHAX.

Jloka3zareascTBO. S == ‘Zi‘ : ‘l;‘ : siné(c‘i;l;) = ‘d xg‘

Teopema. Jls11 TOro yToOBl ABa BEKTOPA B MPOCTPAHCTBE OBUIM KOJIJIMHEAPHBI,

HCO6XOIII/IMO n A0CTAaTO4YHO, YTOOBI UX BCKTOPHOC IIPOU3BCACHUC PABHAIIOCH 0.

—

Jloka3zaTejibCTBO HEOOXOAUMOCTH. Eciiv BEKTOpbl d U b KOJUIMHEAPHBI, TO

d xb =0 1o onpeaeIeHUIO.

Jloka3aTeabCTBO JAOCTATOYHOCTH. ITycthb axb=0. Tornma

— — —

‘Zi‘-‘b‘-siné(&’;b)zo. Ecmu ¢ =0 unmu b =0, TO BEKTOpbl d U b KOJIMHEAPHBI,

IOCKOJIBKY HYJICBOM BEKTOp KOJIMHeapeH mobomy. Ecim d#0 m b #0, To
sin A(Zi;b) =0. CnegoBarennHO, A(Zi;b) =0° unn A(Zi;b) =180°, T. €. BEKTOpHI d U

—

b KOJUIMHEAPHBI.

1.4. CmemianHoe Npou3BeAeHUE BEKTOPOB

—

Onpenenenue. Cyrewannvim npousseodeHuem (Ei,l; ,C) BEKTOpOB d, b u ¢
HA3BIBACTCS YHCJIO, PABHOE CKAJISIPHOMY MPOM3BEICHUIO BEKTOPHOTO MPOU3BEICHUS
axb u BEKTOpA C .

Ceoticmea cMeulanHo2o nPou38e0eHUsL:

1. va,b,c: (a,b,c)=(c¢,a,b)=(b,c,a)=—(b,a,c)=—(c,b,a)=—(a,c,b)
(MOTYKOMMYTAaTUBHOCTb).

2. Va,b,é,d; Yo,BER: (a-d+3-b,¢,d)=a-(4,¢,d)+ (- (b,¢,d)
(TMHEHHOCTB).

Teopema. Ilycts €,6,,6, — npaBblii OPTOHOPMUPOBAHHBIN 0a3KC, U B ITOM

13



Oasuce d=ae +ae, +ae,, b=be +be,+be, n c=cée +ce,+ce,. Torna

CMeIlIaHHOe Tpou3BeacHue (a,b,c) BBIUMCIACTCS TO crleayiomed dopmye

a, a, a,
(a,b,c)=|b, b, b,|.
¢ G G

-7 o U [ Y O (T Y I [R5
(a,b,c)=(axb)-c=(e - —é,- +é,- )-
b2 b3 bl b3 bl b2
a, a a a a, a 9 2 5
— — — 2 3 1 3 1 2
(cé +c.e, +ce)=c - -c,- +c,- =la, a, a,|=
11 272 3%3 1 b b 2 b b 3 b b 1 2 3
2 3 1 3 1 2 b b b
1 2 3

a, a, a
=b, b, b,|. (YOemurecb CaMOCTOSTEIBPHO B CIPAaBEAIMBOCTH IIOCIEIHETO
c G G
PaBEHCTBA).

-

Teopema. Moaynb cmemanHoro mnpousBenenust (d,b,C) YUCIEHHO paBeH

o0beMy napajuiesienurneaa, MOCTPOCHHOTO Ha BEKTOpax d, b U ¢, Kak Ha CMEKHBIX
CTOpPOHAX.

Jokaszatesnberso. V, =S, -H=‘Zi‘-‘l§‘-sinL(&;E)-‘ﬁ‘:‘axg‘.‘ﬁ‘=
=‘Zi><l;‘-‘5‘-‘cosé(ﬁ,é)‘=”&’x5‘-‘6‘-0054(5,5)‘=

=HZZ’><Z;‘-‘E‘-COSL(5><Z;,5) —|(@xb)-¢|=|(d@,b,7)|.

Teopema. Jlyis Toro utoObl TpU BEKTOpa d, b u ¢ Gbum KOMILJIAaHAPHBI,
HEO0OXO0UMO U JJOCTATOYHO, YTOOBI UX CMEIIaHHOE MTPOU3BEICHUE PABHSIOCH HYIIO.

Jloka3aTeJIbCTBO HEOOXOAUMOCTH. JlaHO: BEKTOpHl d, b u ¢
KOMILJIAaHAPHBI. Paccmotpum pasIuyuHbIe cily4au, YYUTHIBaS, 4TO

(Ei,l;,E)=(Zi><l;)-E=‘Zi‘-‘l§‘-siné(&’;l;)-‘é‘-cosé(c_ixl;,é). Eciu =0, b=0 nm

— —

¢c=0, o (a,b,c)=0. Nnaue, ecntu d@ W b KOJUIMHEAPHBI, TO siné(c_i;b)zo.

CnenoBarenvHo, (a,b,c)=0. WnHade, TMOCKOJBKY BEKTOP dxb OpPTOrOHAJICH
TIJIOCKOCTH BEKTOPOB d M b, a BEKTOP € JEXKUT B HEW, TO a xb | ¢ . CaenoBarensbHO,
Z(axb,c)=90°,a cosL(axb,c)=0,utorna (a,b,c)=0.

Jloka3zaTejibCTBO AOCTATOYHOCTH. ITycTh (a,b,c)=0, T.C.

—

@] |p|-sin £ (@b )-[e]- cos £(@xb,6)=0. Bemm @=0, b=0 wm ¢=0, o Bexrops!
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—

d, b u ¢ xoMIUIaHapHbI, TOCKOJIbKY () KOMIUTaHApEH ¢ JI0OBIMU ABYMS BEKTOpaMHU.

WNuave, ecnu BEKTOpBl d U b KOJUIMHEAPHBI, TO OHU JIMHEWHO 3aBUCUMBI, TOTJa
000 BEKTOP ¢ JTUHEWHO 3aBUCUM C HUMU (ITOKKHUTE 3TO CTPOTrO MO OMPEICICHHUIO
JUHEWHOW 3aBHCUMOCTH), a TOTJa BEKTOPHI d, b u ¢ KOMIUIaHapHbl. MHaye,
cosL(Eixl;,E)=O, T. €. L(Zixl;,E):90°. CnenoBaTtenabHO, axb 1¢. [Tockombky
BEKTOP axb OPTOrOHAJICH IIJIOCKOCTH BEKTOPOB d U b,a BEKTOp C OpPTOrOHAJICH

€My, TO BEKTOp C JIEXKUT B IUNIOCKOCTH BEKTOPOB d U b, T. €. BEKTOpHl d, b U C
KOMILJIaHAPHBI.

1.5. Pemienue 3a1a4 Ha BEKTOPbI

B 3agavax, eciu HE OroBOpPEHO MPOTHUBHOE, 0a3UC CUUTATh IPaBBIM
OPTOHOPMHUPOBAHHBIM.
IIpumep 1. B dersipexyronsuuke ABCD Touku P u Q — cepeaunsl cTopoH BC

u AD, COOTBETCTBEHHO. BhIpa3uTh BEKTOP FQ yepes BekTopsl AB, BC, CD.
e l— — ] —
Pemenune. PO =PB+ BA+ AQ = _EBC — AB + EAD =

| — —

l— 1=
= _EBC AB+— (AB +BC + CD) = —EAB + — 5 CD . Kak BUAMM, BEKTOP BC B 910

BBIPAJKEHUE BXOJUT C HYJIEBBIM KOA(DPUIIMEHTOM (OTCYTCTBYET).
Ipumep 2. B napamienorpamme ABCD touku P u Q — cepeaunsl cTopoH BC

u AD, coorBercTBeHHO. Halitu koopauHaTel BekTtopa PQ, ecnu 3a 0Oa3uCHBIC

BEKTOPBI NIPUHATHL €, = AD u e, = AB.

1 l— 1 1.
Pemenne. PO =PC+CQ = EAD—EAB—E —Eez, T. €. PQ (— ——) B

Oasuce ¢, é,.
IIpumep 3. B nupamune ABCD Touku P u Q — CepelrHbI pe6ep AD wu BC,
COOTBETCTBEHHO. HaliTh KoOpaMHATBI BEKTOpA PQ B Oasuce ¢ = AB, e, = AC,

é,=AD.
. ] — — 1 —
Pewmenue. PQ=PA+AC+CQ=—EAD+AC+ECB=

1 1 — 11
:_%AD+AC+ (CA+AB)——e1+2e2—Ee3,T e. PO= (————) B Oasuce ¢,

€, €.
Ipumep 4. Jlano: a =(-1;2;5), b= (1;3;7). Haittu 7a — 5b .
Pemenne. 7d = (—7;14;35), 5b = (5;15;35). Toraa 7d —5b = (-12;-1;0) .
IIpumep 5. IIpoBeputs, 4to BekTOpsl d =(—1;3) 1 b= (2;2) Ha MIIOCKOCTH HE

KOJUTMHEAPHBI, U Pa3JIOKUTh BEKTOp ¢ =(7;—5) mo 6a3ucy a,b .
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1 R -
Pemenne. Tak xax —E;tE, TO BEKTOpbl d W b HE KOJIMHEAPHBI.

CnenmoBarenbHOo, OHM o0O0pa3yroT ©Oa3uc Ha MiIockocTd. Torma ¢ =xd+ yl; :
PacnuceiBass 1o kaxmod KoopauwHaTe, MmoiydaeM ypaBHeHuss 7=x-(—1)+y-2 u
2=x-3+y-2, oTkyna x =—3,y =2. Takum 06pazoM, ¢ =—3d +2b .

Ipumep 6. Haittu nnuny Bektopa d =(-3;4) Ha IJIOCKOCTH M BEKTOpPA

b= (1;-2;2) B mpocTpaHcTBe.

Pemenue. |G |=+/(-3)> +4° =5, | b |= /1> +(<2)> + 27 =3.

Hpumep 7. Halitu Hanpasisronue KOCUHYCHl BEKTOpa AB, ecin A(;-1;3),
B(2;1;1).

Pemenne. E=(l;2; —2). Torma | AB =v1+4+4=3. CnenosareibHo,
cosa 1 cosﬂ—% cos __2

3’ 3 Ty

ITpumep 8. Bektop d@ o6pasyer ¢ ocsmu OX u OY yrusr 60°. Kakoit yron on

obOpazyert ¢ ocbto OZ?

1
Pemenne. Tax kak cos’ 60°+cos’60° +cos’y =1, To cosy= iﬁ.

CnenoBarenbHo, ¥ =45° umm y =135°.

IIpumep 9. Bextop a oOpa3yer ¢ ocsIMU KOOPAMHAT pPaBHbIE OCTPHIE YTJIbI.
Haiitu 51 yroer.

1
Pemenne. Tak kak cos’ o +cos’a +cos’a =1, To cosa = iﬁ' VyuThIBasi,

1 1
YTO YIJbl OCTPHIE, COSO =—=. Torga o = arccos—=.
V3 V3

Ipumep 10. Jausr Touku A4(2;0;1), B(2;1;0), C(1;0;0) . Haittu yron ABC.
Peutenne. BA = (0;-1;1), BC = (-1;-1;0). Torna
= EA BC = 0-D+ED-D+1-0 =—. CrnenoBaTenbHO,
|BA|-|BC| 07+ (=1 + 1 -\J(-1)* + (-1}’ + 0> 2
@ =60°.
IIpumep 11. Haititu npoekuuro Bexktopa d = (1;2;3) Ha och /, oOpa3yroniywo ¢

CosQ

KOOPpAWMHATHBIMHU OCSAMHU PABHBIC OCTPBIC YTJIBI.

Pemienne. B KadyecTBe / MO>KHO B3STh (1;1;1). Torma

[ B

Ipumep 12. [Tansi BexTopsl a =(1;2;—1) u b= (2;-1;3) . Haiitu del; :

Hpiazcr-z 1420431 o
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Pemenne. Ilp_b =

= a-b 1-242-(-)+(-D-3_ |3
E

al J6 N2
1 2
IIpumep 13. Beruncnuthb onpeaenuTens o
Pemenue. _5‘ =1-(=5)—(-2)-3=1.
1 2 3
IIpumep 14. Beruncnuts onpenenurens (0 1 —1].
2 4 5
Pewmenue.
1 2 3
1 -1 0 -1 0 1
0 1 -1=1- -2. +3- =1.9-2.243-(-2)=-1.
4 5 2 5 2 4
2 4 5

Npumep 15. Spmstores 1m  Bexkropsl  a =(—4;1;—7), b=(2;5,9) u
¢ =(—8;13;-3) koMIaHapHbIMU?

-4 1 -7
5 9 2 9 2 5
Pemnenune. |2 5 9 |=-4. -1 -7 =
13 -3 -8 -3 -8 13
-8 13 -3

—

=—4.-(-132)-1-66—-7-66=0. CnenoBarenbHO, BEKTOpHl d, b u ¢
KOMIUTaHAPHBI.
Mpumep 16. Jlaus exropsr d = (—1;0;1) u b =(2;1;3). Haiitu d xb .

I

k=—i+5j—k. Te.

W = Y

J
Pemenne. Gxb=|-1 0
1

_‘0 1
2

1 3

S
l_
2 3

-1 0
+
TT

axb=(-15-1).
IIpumep 17. Haittu muiomanes napaiesiorpaMmma, MoCTPOEHHOTO Ha BEKTOpPax
d=(-13)ub=(2).

Pemenne. Broas tperpio koopauHary, noiaydaem a =(—1;3;0) u b= (1;2;0).

3~ 2
2k|=\/0+0+(—5) =5.

Ipumep 18. Haiitu miomaas TpeyroibHuka ¢ BepmuHamu A(—1;0;-1),
B(0;2;-3), C(4;4;1).

Peutenue. AB = (1;2;-2), AC = (5;4;2). Torna

Torna S=|Ei><l;|=|0?+0]’+ .
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)
k|— \/122+( 12)° + (=6) == =9.

_| 4 2 )5 27 4
Ipumep 19. Jlasst BeKTOpsI @ 1 b . Boipasuts BekTOps! X = (d + b) x(a— b ) u

y:(a;b)x(l;—%) yepes BEKTOp Z =d xb .

Pemenne. [1o cBoicTBaM BEKTOPHOTO TIPOU3BEICHUS
X=(@+b)x(G-b)=dxd+bxd—axb+bxb=-2dxb)=-2zZ,
. (a+b)
YT
IIpumep 20. Haiitu o0vem mnapauienenunena ABCDAIBICID1 U BBICOTY,
ONYIIEHHYIO0 W3 BepuiMHbl A Ha ocHoBanue ABCD, ecnmm A(1;2;3), B(9;6;4),
D(3;0;4), 4,(5;2;6).
Pemenue. AB = (8;4:1), AD = (2;-2;1), H =(4;0;3). Torna

S=l|a>< =
2

—

J+

X(E_%):%(E"XE)* (bXb)——ww)——(bxa)——(axb)—E

8 4 1
V= (E,E,A—A{) =12 -2 1{|=48. Ilnomanb ocHOBaHUS
4 0 3
i J ok
S=|ABx AD|=||8 4 1||=4/6> +(=6)’ +(=24)> =182 . Torza BricoTa
2 2 1
Rl 2
S 3

Ipumep 21. Haittu o6bem Tetpasnpa ABCD u BbICOTY, ONMYUICHHYIO W3
BepuiuHbl D, ecniu A(0;0;2), B(3;0;5), C(1;1;0), D(4;1;2).

Pemenue. AB = (3;0;3), AC = (L;1;-2), AD = (4;1;0). Torna

30 3
V:l|(E,A—C,E)I=l|1 1 -2 |=l|—3|=l.HJIOH_IaI[B OCHOBaHUS
6 6 6 2
4 1 O
i J ok
S=%|EXE|=%|3 0 3 |=%\/(—3)2+92+32—£ Torma BeIcOTa
1 1 =2
R
T
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1.6. 3aga4un 11 CAMOCTOATEILHOIO PeLIeHH I

3amava 1. BeruuciauTe onpeaenuTenu:

7 —4 1 5 cosx —sinx log b e“
a) ; 6) ; B) | . ;D :
5 3 11 55 sinx  coSx e’ log,a
3anaua 2. Pemunth ypaBHEHUS:
x 0 x+2 3
a) =1 6) =0;
0 x x—2 x
sinx+1 sinx—2 log,x-3 2
B) ' =0; =0.
-2 sinx log,x+3 log,x
3amava 3. BeluuciauTh onpeaeanuTeN:
2 1 3 -3 0 1 0 a O cosx 0 sinx
a)l5 3 2[; 0) -5 2 4 B)lb ¢ dl; 1) 0 -l 0
1 4 3 0 3 7 0 ¢ O sinx 0 —cosx
3anaua 4. Pemunth ypaBHEHUS:
1 2 3 1 x 2
a) -1 x 0]=-1; 6)|x 1 x/=0;
3 2 4 -5 -5 4
a a a a+x x X
B)|—a a x|=0; | x b+x x [=0.
-a —a Xx X X c+x

3anaua 5. HanucaTh pa3inokeHue BEKTOpa X IO BEKTOpaM p,q,7 :
a) X =(0;,-8;9), p = (0;-2;1),4 = 3;1,-1),7 = (4;0;1);
6) X =(8;-7;-13), p = (0;1;5),G = (3;-1;2),7 = (=1;0;1) ;
B) ¥ =(2;7;5), p = (1,0;1),G = (1,-2;0),7 = (0;3;1);
r) X =(=15-20;-1), p = (0;2;1),4 = (0;1;-1),7 = (5;-3;2) .
3agaya 6. KommnHeapHBI 1M BEKTOPBI C U C, , IOCTPOCHHBIE 110 BEKTOPAM d U
b?
a) d=(—1;2;8),b =(3;7;-1),¢, =4d —3b,¢, =9b —12d;
6) d=(2;0;=5),b = (1;-3;4),¢, =24 —5b,¢, =5 - 2b ;
B) d =(4;2;=7),b = (5;0;,=3),¢, =d —3b,¢, =6b — 24 ;
r) d=(-1;3;4),b = (2;-1;0),¢, =64 — 2b,¢, =b —3a.
3agaua 7. Haiitu yron Mexay BEKTOpamu ABu AC:
a) A(;4;-1),B(=2;4;-5),C(8;4;0);
0) A4(0;1;0), B(0;2;1),C(1;2;0);
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B) A(—4;0;4),B(-1,6;7),C(1;10;9);
r) A(-2;4;-6),B(0;2;-4),C(-6;8;—-10).
3amaya 8. Bprumcnuth mionaar napauieaorpaMma, IOCTPOSHHOTO Ha
BEKTOpax d u b:
G|=4,p:4=57/6;

pl=1/2,

a)i=6p—G,b=5G+p,
cﬂ:l,]g;\(jzn/?);

6) a=2p+3G,b=p-23,

pl=2,

cﬂ=3,]§;\(j=7r/2;

B|=4.|g|=4,5;G =37 /4.
3agaua 9. KommiaHapHbl 11 BEKTOPHI d , b uc?

a) a =(41;1),b = (-9;—4;-9),¢ = (6;2;6);

6) G =(-3;3;3),b =(-4;7;6),¢ = (3;0;—1);

B) d@ =(=7;10;=5),b = (0;=2;—1),¢ = (-2;4;-1);

r) d=(7;4;6),b = (2;1;1),¢ =(19;1117).

B) @=2p-3G.b =5p+4.|p|=2,

r)da=3p+2G4,b=2p—q,

3agava 10. Berauciaurs 00beM TeTpadapa ¢ BEpIIMHAMH B TOUKax A, 4,,4, A4,
U €r0 BBICOTY, OITYHICHHYIO U3 BEpIIUHbI A, Ha rpaHb A A, A4;:
a) 4,(-2;,-1;-1), 4,(0;3;2), 4,(3;1;,-4), 4,(-4,7;3);
6) A(-3;-5;6), 4,(2;1,-4), 4,(0;-3;-1), 4,(=5;2;-8);
B) A(2;-4;-3), 4,(5;-6;0), 4,(-1;3;-3),4,(-10;-8;7);
) A (L-12), 4,(2;1;2), 4,(1,1;4), 4,(6;-3:8).

3agava 11. Haiitu paccrosiHue oT TOYku M|, 10 IIJIOCKOCTH, POXOIALICH
yepes Touku M, ,M,,M,:
a) M,(1;1;2), M, (-1;1;3),M,(2;3;8),M ,(2;-2;4) ;
0) M (2;3;1), M,(4;1;-2), M, (—5;-4;8),M ,(6:3;7);
B) M,(1;1;,-1), M,(2;3;1),M,(=3;-7;6),M ,(3;2;1) ;
r) M ,(1;5;,-7), M,(-3;6;3),M,(1;-1;2),M ,(-2;7;3) .
3anaua 12. HaiiTu e IMHUYHBIN BEKTOD, MEPIIEHAUKYISPHBIN M10ckocT ABC':
a) A(-1;2;-2),B(13;14;1),C(14;15;2);
6) A(7;-5,0), B(8;3;-1),C(8;5:1);
B) A(=3;6;4), B(8,-3;5),C(0;=3;7);
r) A(2;5;-3),B(7;8;-1),C(9;7;4).
3apava 13. Haiitu yron Mexay MIOCKOCTSIMH:
a) x+y+2z3d2-1=0, 3x+y+2z2-5=0;
0)3x—y-5=0, 2x+y-3=0;
B) x+y+z\/§—3:0, x—y+z\/§—1=0;
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r) x+2y—2z-7=0, x+y—-35=0.
3anaua 14. Haiitu aGcuuccy Touku A, paBHOYIalIeHHOU OT Touek B u C':
a) A(x;0;0),B(1;5;9),C(3;7;11) ;
6) A(x;0;0), B(4;6;8),C(2;4:6) ;
B) A(x;0;0),B(1;2;3),C(2;6;10) ;
r) A(x;0;0),B(-2;—-4;-6),C(—1;,-2;-3).
3anaua 15. MccnenoBaTh Ha TMHEHHYIO 3aBUCUMOCTD CHCTEMY BEKTOPOB:
a) @ =(1,2:3),b = (6:5,9),¢ = (7:8,9);
0) d=(21,0),b = (-5;0;3),¢ = (3:4;3);
B) @=(20;2),b =(1,-1,0),¢ = (0;-1;-2);
r) d =(-2;1;5),b = (4;-3;0),¢ = (0;—1;10).

1.7. OTBeTHI

l.a) -1;6) 0;B8) 1; 1) 0.2.a) £1; 6) —6;1; B) %+27rk,keZ; r) 64;0,5. 3. a) 40;

06) —21;B) 0;1) 1.4.2a) 0,6;0) 1;-14/9; B) Ectmu a=0, 10 x€ R, ecntu a#0, TO
x=—a; 1) Ecom ab+bc+ac=0 u abc=0, o xeR, ectm ab+bc+ac=0 u

abc
abc#0, 10 x€O, ecnm ab+bc+ac#0, 10 XxX=—""-—"7""—"""—. 5. a)

ab+bc+ac
¥=2p—4G+3F;6) ¥=—4p+3G+7;B) X=4p—2§+7; 1) ¥=-8p—13G—37. 6.
a) na; 0) Her; B) na; 1) ma. 7. a) 135%; 6) 60°; B) 0°; ) 180°. 8. a) 31; 0) 73 B)
102; r) 56\/5. 9. a) Hetr; 0)na; B) Hetr; T) ma. 10. a) V:70/3;h:140/\/ﬁ;
6) V =191/6;h=191/~/573;: B) V=73;h=146/83;: 1) V=6h=36.
11. a) 49/ (3v/21); 6) 40/+/42; B 3/\5; 1) 35/ﬂ
12. 2) (i L

V206 _\/206 \/206) )(\/—’Jf\/— J—) )(+JFS’_M Jﬁ) r)

17 21
+ F F 13. a) 30°; 6) 45°; B) 60°; 1) 45°. 14. a) 18;06)15; B
( J851 \/851 \/851) ) ) ) ) ) ) )

63; 1) —21. 15. a) nuHEHWHO HE3aBUCHUMBI; 0) JMHEWHO 3aBHUCHUMBI, B) IMHEHHO
HE3aBHUCHUMBI; T') TUHEHHO 3aBUCHUMBI.
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2. IJUHUU N ITOBEPXHOCTHA
2.1. IIpsiMmast HA TIOCKOCTH
Teopema. IIpsmas, nmpoxozsinas yepe3 Touky M, (xo, yo) MoJl YyriioM o K
MOJIOXKUTEIIBHOMY  HANpaBICHUIO OCHU OX (a#90°) wumeer ypaBHCHHE
Y=y, =k(x—x,), rne k=tga — yrnooi Ko3pPpULIHEHT.
Jloka3aTeabCcTBO. Ilycts

M ‘ky
(x,y) — npousBonbHas TOUKa

npsmoit  (puc. 2). Paccmotpum
clrydai 0° <a<90° (mpyroi
ciyvai paccMaTpuBaeTCs
aHajgoruyno). Tak kak mpsimple Y0
(N,M,) n (OX) mapainneinpHsl, TO
MM N =o. Torma
‘MV‘ _Y~™ W
‘MON‘ X=X, | |
CnemoBarenbHo, y—y, =k(x—x,). / X0 X
Puc. 2

k=tga=

=y

CaencrBue. Ecm M, ,€0Y, 1. e. M (0,b), TO ypaBHEHHE TPAMOH,
MPOXOAIIEH Yepe3 3Ty TOUKY MOJ YIIOM ¢ K MOJOKUTEILHOMY HAIPaBICHUIO OCH
OX (a #90°) umeer ypaBHeHue y =k -x+b, The k =tga — yriaoBoi Kod)PHUITUCHT.

JlokazaTesbcTBO. [lo/icTaBUM B BBIBEJIEHHOE YpaBHEHHUE MPSMON KOOPAUHATHI
Touku M,: y—b=k(x—0). Torna y=k-x+b.

3ameuanue. Ecmu o =90°, To ypaBHEHHUE TPAMOH, IPOXOISINIEH Yepe3 TOUKY
M, (xo, Vo ) , OYUEBUJIHO, UMEET BUJ] X = X,,.

3ameuanme. VYpaBHeHue y-y,=k(x—x,) ¢ mnapaMmerpoM k sABIgETCA
YpasHeHueMm nyuKa npamvix, IPOXOAALUIUX Yepe3 ToUKy M, KpoMme MpsIMOi X = X, .

X .
Onpenesienne. YpaBHEHUE X+ 221 nasemaercs ypagHeHuem npamou 8
a

ompeskax. JTa mpsiMas nepecekaet ocu koopauHat B Toukax (a;0) u (0;0).
Teopema. Ilpsamas, npoxonsauias yepe3 ABe TOUku M l(xl, yl) u M, (xz, yz)
X=X _ V=N
X=X V™
HMoxkazarenabcTBo. [lycte M (x, y) — NPOU3BOJIbHASA TOYKa MpsiMOM (puc. 3).

(x, #x,, X, # X,) AIMEET ypaBHEHHE

Paccmotpum cityuait 0° <o <90° (apyroit cirydait paccMaTpuBaeTCsi aHaJIOTHYHO).
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Jlerko Bunets, uto AM MP ~ AM M ,N (no Ay /

MP MP : :
aBym yriam). Torma = , T. e M
MN M,N ‘
X=X V= M,
- . 2
Xy =X V™ :
Teopema. YpaBHeHue BUIA |, : 7\;
Ax+By+C=0, tme A°+B>#0, ecrh P f
ypaBHEHHE TIpsMON, u oOpatHO, Jr0bOas L : R
npsiMasi MOXKET OBITh 3ajJaHa ypaBHEHUEM / X1 X x X
TaKoro Buja. Puc. 3
Jloka3zareabcTBO. ITycTh JTaHO
ypaBHeHue Ax+ By+C =0, u nyctb B #0. Toraa 3To ypaBHEHHE MOKHO MTPUBECTHU
A C .
K BUIY y:_Ex_E’ T. €. K BUIy y=k-x+b, Ipo KOTOpPHIH JOKa3aHO, YTO OH

3ajaeT MpsAMyro, nepecekaromyr ocb OY B Touke M (0,0) U mpoxXomsulyro MoK
yriaoM a (a #90°) k mojoxxurenbHOMy HampasjieHuto ocu OX . Eciu B = 0, To
A#0. Torna ypaBHEHHE MOXHO NpUBECTH K BULYy X =—C/ A, TO €CTh K BUIYy X =X,
ypaBHEHHUs IpAMOii, nepecekatomeir ocb OX B Touke M (x,,0) ¥ npoxoasuei noxn
yrioM o =90° K monoxutensHOMY HampasieHuio ocu OX . OOpaTHO, MyCTh €CTh
HEBEepTUKalbHAsA mpsiMas. Torma oHa MMeeT ypaBHeHHWE BUlIa y=k-x+b. D10
ypaBHEHHE MOHO MPHUBECTH K BUAY k-x—y+b=0, T. e. Kk BUunyAx+ By+C=0.
Ecin npsMas BepTUKallbHAs, TO €€ ypaBHEHUE X =X, MOXHO IIPUBECTH K BUIY
x+0-y—x,=0,T.e. kBURy Ax+ By +C=0.

Teopema. Ilycte ectb 1Be

npsiMbIE, ypaBHEHUS KOTOPBIX 4
y=k -x+b u y=k,-x+b,. Torna
yroJl MEeXJy HUMHU (OCTPBIA) MOXKHO
MOJIYYUTh u3 bopmyIbl
tga = fazh : "
1+k -k,
Hoka3zareabcTtBo. Tak Kkak
BHEIIHMA yron a, (puc. 4)
TpPEyrojibHUKa pPaBeH CYMME JIBYX F\az
YIJI0B TPEYTOJbHUKA, HE CMEXHBIX C / N X

HAM,  TO a,=a,+a',  wm
, , . Puc. 4

o =a,—a,. Eciim a — octphlid, TO

tga =tga'>0. Eciu o' — Tymoii, To tga =tga’' =—tga' (tga’'<0). Torma mo

ONPCACICHUIO MOOYJIA, I10 (1)0pMyHe Pa3HOCTHU TAHI'CHCOB M OIIPCACIICHUIO kl u k2
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tga, —tga, |= k2_kl |
1+tga1-tga2‘ 1+k1-k2"

umeeM tgo = tga’ |=

CaencrBue. IlycTh ecTh n1Be HpsiMble, YpaBHEHUS KOTOpbIX y =k -x+b u

kz _kl

y=k,-x+b,. Torna onn napamienshsl, T. €. =0, tga =0, ecru ————=0,
1+ 4 -k,
T. e k =k,, n mepneHOUKyIspHbl, T. €. @ =90°, tga He CyIecTBYeT, €CciH

l+k k=0, 1.e. k -k, =-1.

2.2, IIpsiMasi ¥ IJIOCKOCTH B IIPOCTPAHCTBE

VYTBepxkaenuss u (Gopmyiibl JTaHHOTO paszjena SBISIIOTCS CIEICTBUSMHU TeX
(bakToB, 4TO OBLIM MOJIYYeHBI B BEKTOpHOM anredpe. [loaTomy ux noka3aTenbcTBa HE
MPUBOJISITCS.

YpaBHeHHe IIOCKOCTH, MPOXOsilIel Yepe3 TOUKY NePHeHINKYJIAPHO BEKTOPY

Kaxayto mI0CKOCTh B TPOCTPAHCTBE MOKHO TMPEJICTaBUTh Kak JIMHEHHOE
ypaBHEHHUE, Ha3bIBAEMOE 00wuM ypasHenuem TiIockoctd Ax+ By+Cz+ D=0, rae

A*+B*+C?*#0. Kooppuuuentst A, B, C SBIAIOTCA KOOPAMHATAMM BEKTOPA
n=(A4;B;C), nHopmanvroeo (T. €. NIEPIEHIUKYISIPHOTO) K TUIOCKOCTH.

Ecnu B o0meM ypaBHeHUHU MIOCKOCTH D =0, TO IJIOCKOCTb MPOXOJIUT Yepe3
Hayano koopauHat. [Ipy A=0 (B=0, C=0) miockocth napamiesbHa ocu OX
(ocu OY, ocu OZ) coorBerctBeHHO. I[Ipu A=B=0 (A=C=0, B=C=0)
MJIOCKOCTB TapajuiesibHa IIOCKOCTH (X, V) (TocKocTH (X,z), IIOCKOCTH (V,2)).

Hana touxka M(x,;y,;z,) U Bekrop 1 =(A;B;C). Vpasnenue nnockocmu,
npoxoosuel yepez OAHHYI0 MOYKY NePReHOUKYIAPHO OAHHOMY 6eKmMOpY, UMEET BU/L:

Ax—x))+B(y—y,)+C(z—z,)=0.

Jlana mpsMasg Kak 1nepecedeHue Iuockocred Ax+By+Cz+D =0 n
Ax+B,y+C,z+D,=0. VYpaBHeHue 000N IUIOCKOCTH, MPOXOASIIEH uepes3
IAHHYIO IPAMYIO, UMEET BUI:

AMAx+By+Cz+D)+ u(Ax+B,y+C,z+D,)=0,
rac An M — HCKOTOPbIC I[eI‘/JICTBI/ITeJIBHBIe qucjia.

YpaBHeHMe IUIOCKOCTH, POXOsilleil Yepe3 TPH TOUKH

Yepes Tpu pmanHele Touku M, (x;V5z), M,(x,;1,:2,), Mi(x55)5;25)
MPOXOAUT TOJBKO OJIHA TIJIOCKOCTh, YPaBHEHHE KOTOPOHM MOJy4daeTCs W3 YCIOBUS
KOMILUTAHAPHOCTH PaJINYC-BEKTOPOB TOUEK TIOCKOCTH
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X=X Y=N Z—2z
X=X YV,=» z,—z|=0,
X3 =X W=V Z3—Z
AJId  9TOTroO HeO6XOI[I/IMO BBIYUCIIUTE OIPCACIIUTCIIbE MW IIPHUBCCTU IIOJYUCHHOC
ypaBHEHHUE K 00LIEMY BUJLY.
HopMmaJibHOe ypaBHEeHHe II0CKOCTH

B seexmopmnoui ¢opme ypaBHeHHE TUIOCKOCTH uMeeT Buna 7-n+D=0,
r= {x, y,z} . Eciii HopMasibHBIN BEKTOP IUIOCKOCTH — €IMHUYHBIH, T. €.

A . B _ C
\/AZ+B2+C2 ’\/A2+B2+C2 ’\/A2+BZ+C2

n=

, il =1,

TO YpaBHEHHUE IJIOCKOCTH MOYHO 3aITUCaTh B BUJIE
xcosa + ycos B+ zcosy — p =0 (Hopmanvhoe ypasuerue niockocmu),

IIe p — PacCTOSHUE OT Hayajla KOOPAWHAT 1O TUIOCKOCTH, COSa, COsf3, cosy _

HanpaejArnwue KOCurycol Hopmaiu

A B C
cosq = cos B , COSy =

° S = 7/ - °
VA +B +C VA +B +C VA +B +C
rae o, 3,y — yribl MeXIy HOPMaJbIO IMIIOCKOCTH U ocsiMu koopaunat OX , OY, OZ

COOTBCTCTBCHHO.
OO61iee ypaBHEHUE TUIOCKOCTH MOXKET OBITh MPUBEACHO K HOPMAJIBHOMY BUIY
1
YMHO)KCHI/IeM Ha HOpMI/Ipy}OH_II/II/I MHOXUTCIIb u = > > >
\/ A +B +C

Paccmosinue om mouxu M (xo,yo,zo) 0o niaockocmu Ax+By+Cz+ D=0

HAaXOQUTCA 1O QopMyse, TMOIYyYEHHOW TMOJCTAHOBKOM TOYKM B HOPMalIbHOE
ypaBHEHUE

B ‘AxO + By, +Cz, + D‘

d
JA&2+B +C?

YPaBHeHI/Ie IJIOCKOCTH B OTPE3Kax

Ecnu B o6miem ypaBuenun D # 0, To, paznenus Ha —D , IpUBEJeM YpaBHECHUE
IIJIOCKOCTH K BULY 8 OMpe3Kax
X z
—+X+—=L
a b c

D D D
—, b=——,c= C OTIPEIENISIIOT COOTBETCTBEHHO a0CIUCCY, OPAMHATY U

B
anIIMKaTy TOYEK TepecedeHus IUIOCKOCTH ¢ ocklo OX — (a,0,0), oceto OY —

(O,b,O), oceio OZ — (0,0,C).

rac a=-—
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Yroa MeKay III0CKOCTAMU

Yeon @  meixcoy oeyma nrockocmamu  Ax+By+Cz+D =0 u

Ax+B,y+C,z+ D, =0 HaxomsT Kak yroil MeXIy HUX HOPMaJbHBIMH BEKTOpaMU
n,={4,B,C} un,={4,,B,,C,}:

|A1A2 +BlBZ +C1C2 | .
\/Af +B+C} \/Aj +B;+C;

CosSQ =

Korga WX HOPMAJIX KOJUIMHCAPHBI, T. ¢C.

Inockocmu napaiiejlibHbl,
Korga #©WX HOpMalInu

A /A, =B/B,=C /C,. Ilockocmu nepneHOUKyIsApHbol,
NEPHEHANKYJIAPHBL, T. €. 7, -1, = A A, + BB, + C,C, =0.

IIpsimasi B mpocTpaHcTBE

VYpasuenus npamou, npoxooswei uepe3 06e MOYKU Ml(xl, yl,zl) U

X=X _Y=n _ 274

H=X =W 5%
Vpasnenus npamoti, npoxoosweil uepe3 OAHHYIO MOUK) Ml(xl, yl,zl)

M, (xz,yz,zz) UMEIOT BU]L

napannienvHo OaMHOMY Hamnpasasawouemy eekmopy S =(I[,m,n) — KaHoHuueckue
. X—X — z—z
YpaeHenus npAMou P L.
m n
X=X V=W _Z274 _ “
BBons napamerp ¢, = = =1, MOJIy4YaeM napamempuyeckull
m n
8UO YPABHEHULL NPAMOU
x=It+x
y=mt+y,.
z=nt+z

Kaxnas npsiMas B IpOCTPAaHCTBE MOKET OBITH IPEACTaBICHA CUCTEMOH IBYX
yPaBHEHMH (3a/1aHa KaK IEPECEUCHUE JIBYX ITIOCKOCTEMH)
Ax+By+Cz+D =0
Ax+By+C,z+D,=0

Yron mexay AByMs NPAMbIMH
X=X _Y=hn_z274%

- 9
l] ml n 1

HpHMBIC 3aJ1aHbl B KaHOHHNYCCKOM BHUAC

X—x — z—z
P A 2. Vron ¢ Mexay NpSMbIMH ONPEAENIeTCS KaK yroJl MEKITY

ZZ mZ nZ
UX HaIpaBJIAOMUMU BeKTopamu S, = (I,,m,,n,), s, =(l,,m,,n,)
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|S1'S2|: | L, + mm, +nn, |
AR 2 2 2 2 2 2
‘Sl‘ ‘Sz‘ \/11 +m,” +n, \/12 +m,” +n,

OueBHIHBI YCIIOBUS napannenbHocmu L/l =m/m,=nn,, U

CosSQ =

nepneHouKyaapHocmu npsmeIx [, + mm, +nn, =0.

Ilepeceyenune npsAMoi M MJIOCKOCTH

Yeon y meowcoy npsamoii u niockocmuvio ONPENEISIIOT Yepe3 yroil 6 MEXIy
HaAMpaBJISIIONIMM ~ BEKTOpOM mpsaMoi  § =(/,m,n) W HOpPMalbl0 IJIOCKOCTH

N =(4,B,C):
| Al + Bm+ Cn |
\/A2 +B’ +C2\/l2 +m’+n’
llpsamas u naockocmov napanienvHbl, €CJIM HAMPABISIONANA BEKTOP § MNPSAMOM

siny =sin(90° —0) =cosO =

OPTOTOHAICH HOPMATbHOMY BEKTOPY INIOCKOCTH N, T. e. Al +Bm+Cn=0. IIpsmas
U NIOCKOCMb 83AUMHO NePNeHOUKVIAPHbl, €CIIM HANpaBIAIONUNA BEKTOp § U
HopMaite N mapannenstsl A/1=B/m=C/n.
Eciu Al + Bm + Cn #0, TO ipsiMasi ¥ TUIOCKOCTh UMEIOT €IMHCTBEHHYIO TOUKY
MIEPEeCeUYCHMsI, ONPEICTUTh KOTOPYIO MOXHO U3 CUCTEMBI
Ax+By+Cz+ D=0,

X5 _VY=h_z27%-

[ m n
Y 100HO UCTIONB30BATH MAPAMETPUUECKUN BUJI YPABHEHHUM NMPSAMOUN
Ax+By+Cz+ D=0,

x=1It+x,

y=mt+y,,

z=nt+z,.

Pemennem cucremel OyneT 3HaueHHE IapameTpa f=tf,,Ipu KOTOPOM IpsMas U

IUIOCKOCTL IICPCCCKYTCA. IIo 3HaueHuroO mapamMeTpa HaXOAAT COOTBCTCTBYIOIIHC
XosVosZ2o — KOOPAHHATBI TOYKH IEPCCCUCHUA.

2.3. Kpusbie BTOpOro nopsiaka
OxpyxHOCTH

Onpenenenne. OKpys*CHOCHbIO HA3BIBACTCS TEOMETPUUECKOE MECTO TOUYEK Ha
IJIOCKOCTH, DaBHOYJAJEHHBIX OT HEKOTOPOH TOUKHM, Ha3bIBAEMOH yenmpom.
PaccTosiHEE OT TOYEK OKPYKHOCTH JI0 LIEHTPa HA3bIBAETCS PAOUYCOM.

Teopema. Eciu Touka M (x,y) NPHHANIEKHT OKPYKHOCTH C IIEHTPOM B
Hauajge KOOpAMHAT M pajuyca 7, TO €€ KOOPIMHATHI YIOBIETBOPAIOT yPAaBHEHHIO
x> +y* =r?, u 06paTHo.
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Jloka3aTeJibCTBO JIETKO cieayeT u3 reopemsl [ludaropa.
2 2 2
Onpepenenue. VYpaBHeHue Xx +y =r HA3bIBACTCS  KAHOHUYECKUM
VpagHeHuem OKPYICHOCMU.

DJLITHIIC

Onpepesenue. ODmiuncom Ha3bIBACTCd TE€OMETPUUECKOE MECTO TOUYEK Ha
IUIOCKOCTH, JUISl KaXXAOM M3 KOTOPBIX CYMMa PAacCTOSHUN O JABYX (PUKCHPOBAHHBIX
TOUYEK IUIOCKOCTH, Ha3blBa€MbIX (POKyCaMM, €CThb JJAHHOE YHCIO 2a, Oojblliee, 4eM
paccTosiHue 2¢ Mexay poKycaMu.

Teopema. Eciiu Touka M (x,y) TpUHAIJICKUT IUIUIICY ¢ (POoKycaMu B TOUKAX
F(=c,0) u F,(c,0) m cymma paccTossHUi OT Hee 10 (OKycoB paBHa 2a, TO €€

2 2

X 2 2 2
KOOPJMHATHI yOBJICTBOPSIIOT yPaBHECHUIO —2+% =1, rne b =a” —c¢", n obpaTHoO.
a

2 2
(YpaBHenue % + %

Joxa3arteabcTBo. [1o onpenenenuto smumnca umeem: | MF, | +| MF, |=2a, 1. e.

=1 Ha3BIBaCTCS KAHOHUUECKUM ypaeHeHuem aﬂﬂunca.)

\/(x + 0)2 +y° + \/(x —0)2 +y? =2a. TlepeHocs onWH paiuKan B TPaBylO 4acTh, U

BO3BOJIs1 00€ YacTU YpaBHEHHMS B KBaJ[paT, MOJIydaeM:
2 2
(x+c) +y> =2a- (x—c) +°

>
2
x2+2xc+cz+y2:4a2—4a\/(x—c) +y’ +x =2xc+c’+y°,

2 2 2
4a\/(x—c) +y° =4a” —4xc. Eme pa3 Bo3BoAsS 00€ 4acTH ypaBHEHHS B KBajapar,
2.2 2 2 2 2.2 4 2 2 2
nojaydaeMm: a x” —2a’xc+ac +a’y =a —2axc+x°c’,
x’c? a’-c’
2 2 2 2
X +ct+y =at+

2 2 2 2 2 2
xX'+y =a —c°. YuurbBasg, 4YTO0 b =a" -,

2 2 2
a a
B +y°=b’ x2+y2_1 06 M
UMEEM: ?x y =b", T. e =l paTHO, IYCTh TOYKa (x,y)
x2 y2
YIOBICTBOPSICT ~ YPaBHEHUIO  — +? =1. [Hoxaxem, uro MF +MF,=2a.
a

HencrBurensHo, MF, + MF, =\/(x+c ? +y’ +\/(x—c)2 +y =

=\/(x+c) +b (1——2)+\/x ¢) +b2(1——)—
a
b*x*
= |x*+2xc+c* +b* - +.x*=2xc+c*+b* — >
a
2
= | 1-= [x* +2xc+c* +b* + 1—— x*=2xc+ct+b* =
a
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2 2 2 2
a —b a —b

= || —— |x*+2xc++b° + || —— |x* —2xc+ P+ b’ =
a a
2 2 2 2
cx ) cx > cx cx
=l — | +2xc+a” + || — | —2xc+a” =,|| —+a| +,||——a| =
a a a a
cx cx cx cx
=—+a+——a=a+—+a——=2a,n0c1<0nm<y‘x‘ﬁaHcSa.
a a a a

Onpenesenue. IKkcyenmpucumemom IS1IUNCA HA3BIBAETCS  OTHOILECHUE

. c
(OKaIbHOrO PaccTOSIHUS ¢ K OOJBIIONW MOJNYyOCH a, T. €. e =—. Jlerko BUJETh, YTO
a

ee[0;]).
3ameuanue. Eciiu pokycel HaxoasTcest Ha ocu OY , 10 b>a.

I'mnep06oJia

Onpenenenue. [ unep6onol Ha3bIBACTCS T€OMETPHUECKOE MECTO TOUYEK Ha
IUIOCKOCTH, IS KaXJAOW M3 KOTOPBIX MOJYJIb PA3HOCTH PACCTOSIHUH 10 JBYX
(UKCUPOBAHHBIX TOYEK TIUIOCKOCTH, Ha3bIBaeMbIX (DOKycaMH, €CTh JIaHHOE
MOJIOKUTEIBHOE YHCII0 2a, MEHbBIIIEE, YeM PacCTOsTHIE 2¢ MeXTy (pokycamu.

Teopema. Eciu Touka M (x,y) nupuHamiexuT runepbone ¢ ¢dokycamu B

toukax F(—c,0) u F,(c,0) u MoAyab pa3sHOCTU PACCTOSIHUI OT Hee 10 (POKycoB
2 2

X
paBeH 2a, TO €€ KOOPAMHATHI YAOBICTBOPSIOT YPaBHEHUIO 7—%:1, rze
a
x2 y2
2 2 2
b"=c"—a , u ob6parHo. (YpaBHEeHHUE _2_?:1 HA3bIBACTCS KAHOHUYECKUM
a

ypagHeHuem 2unepoo.ivl.)
Joxa3areabcTBo. [lo onpenenenuto runepo6onsl umeem: | MF, —MF, |=2a,

T.C. | \/(x + 0)2 +y° + \/(x — 0)2 +y’ |=2a. Torna MoJTy4aeTcs, 4TO

\/(x + 0)2 +y° + \/(x —0)2 +y? =+2qa. TlepeHocs omuH paguKal B IPaBYIO 4acTb, U

BO3BOAA 00e yactu YPaBHCHUA B KBaJIpaT, IIOJIYydacM:

(x+c)2+y2 :i2a+\/(x—c)2+y2 ,
x2+2xc+cz+y2:4azi4a\/(x—c)2+y2 +x° =2xc+c’+y°,

2
t4a (x—c) +y? =4xc—4a’. Eme pa3 Bo3Boas 006e 4acTH ypaBHEHHS B KBAJpaT,

2.2 2 2 2 2.2 4 2 2 2

nojaydaeMm: a x” —2a’xc+ac +a’y =a —2axc+xc’,

2 2 2 2

2 2 2_ 2 XC Cl _C
Xty =a+—, :
a a

2 2 2 2 2 2 2
xX"+y"=a —c°. YuursBasg, 4Tt0 b =" —a’,
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b2 2

2
. 2 2 g2 X Yy
UMEEM: —?x +y =-b", T. e. ?—?—1. O6patHOo, mycTh Touka M (x,y)
x2 y2
YAOBIIETBOPSAET  YPABHEHMUIO —2—?:1. HokaxeM, uto |MF,—MF,|=2a.
a

2

HeuctButensHo, MF, _MFz=\/(x+c)2 e —\/(x—c)2 +y2=

_ SN TE S RRRCHTYE S
—\/(x+c) +b (a2 1) \/(x c) +b (a2 1)

b*x* b*x*
= |x*+2xc+c* —b* + — = x*=2xc+ct—b*+ —=
a a
b2 2
= 1+— x*+2xc+a’ - 1+— x’—2xc+a’ =
a a
2 2 2 2
a +b a +b
= —2x2+2xc+a2— —2x2—2xc+a2=
a a
2 2 2 2
cx cx cx cx
== | +2xc+a’ -,|| = | —2xc+a’=,|| —+a| —,|| ——a| =
a a a a
cx cx
—+a——+a=2a (x=a)
CcX CcX a a
=l—+a|l—|——-a|=
a a cx cx
———a+—-a=-2a (x<a)
a a

T. e. MF, — MF,=%2a. CnenoarensHo | MF, — MF, |=2a .
Onpenenenue. Ixcyenmpucumemom 2unepOoivl HA3BIBAETCS OTHOIICHUE
. . c
(OKaTBbHOTO PACCTOSHUSA € K IEUCTBUTENBHOM MOTYOCH a, T. €. e =—. JIerko BUETD,
a
410 e € (1;400).

3ameuanne. Ecou dokycel Haxomarcs Ha ocu OY , TO KaHOHUYECKOE
2 2

X A
ypaBHEeHHE OyneT Z—z — 3= 1. y
Teopema. ['unepOoua,
2 2
. X
YPaBHEHUE KOTOPOH — —=5 =1, )
a b
Q
UMEET aCUMIITOTHI y =+—X.
a P
Jloka3zarTeabCTBO. '\
IToxaxem,  4TO lim MP‘ =0.
X—>+0
HetictButensHO (puc. 5), >
0 x
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lim |[MP| = lim |MQ)|-cos¢p =
= lim|y,, —yQ‘-COS(,D:
. |b b b :
= lim |[—V/x* —a® ——x|-cosp==—-cos@- lim [\ x* — a’ —x‘z
X—>+0 a a a X—>+00

2

b ‘( x2—a2—x)-(\/x2—a2+x) [ERE S
=—-cos@- lim =—-cos@- lim|————|=
a e VX' —a’ +x ‘ a X —a +x

_b cosg- lim a = ab-cosg =0
a Hm‘\/f—az +x|  limWx®—a® +x
X—>+00

ITapa6oaa

Onpenenenue. [lapabonoti Ha3bIBa€TCd T€OMETPUUECKOE MECTO TOYEK Ha
IJIOCKOCTHU, JUJISl KaXJOW M3 KOTOPBIX PACCTOSIHHE 10 HEKOTOpOM (hUKCUPOBAHHOU
TOYKU TUIOCKOCTH, Ha3bIlBaeMOl (POKycOM, pPaBHO pPACCTOSHHUIO JI0 HEKOTOPOM
(GuUKCUpOBaHHON TpsIMOM, He mpoxoAsmieil uepe3 QokKyc, U Ha3bIBAEMOU
JUPEKTPUCOM.

Onpepenenue. Paccrossnue oT (Qokyca mnapaboiasl A0 €€ JUPEKTPHUCHI
Ha3bIBACTCS napamempom mapadoIibl.

OKCIEHTPUCUTET MapadbosIbl MPUHUMAETCS PABHBIM €AMHHUIIE.

Teopema. Ecnu Touka M (x,y) mpuHAIICKHUT mapadosie ¢ GOKyCOM B TOUKE

F (%,0) U JUPEKTPUCOMN x=—§, TO €€ KOOpAHMHAThl YA OBJIETBOPSIOT YPAaBHEHUIO

2 2
vy =2px, u obpatHOo. (YpaBHEHHE Y =2px Ha3pIBaCTCSI KAHOHUYECKUM

ypasHeHuem napaoboJivl.)
Jloka3zateabcTBo. [1o onpeneneHuo mapadboIsl UMEEM:

2
(x —Ej +y° =|x +§ . DTo  ypaBHEHHE  SKBUBAIEHTHO  CIIEAYIOLIEMY:
2 2
_ P 2 _ V4 .
e R E PackpeiBas CKOOKH, T0JIy4aeM:
p2 2
x> — px + Tt Y =x"+ px +pT. [IpuBosis  MOJOOHBIE  CllaraeMble, MMEEM:

y* =2px. ObpartHo, MycTh Touka M (X,y) yIOBIETBOPSET YPaBHEHHIO )~ =2px.

Jlokakem, 4TO pacCcTOsTHUE OT TOUKU M 710 oKyca paBHO PACCTOSIHUIO OT 3TOW TOUKU
00 JaupekTpuchl. JlelcTBUTENbHO, paccTositHMe oT Touku M g0  (dokyca

2 2
| MF |= (x—%j +y° = (x—%j +2px =
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2 )4
X' — px+—
\/ P 4

3ameuanne. Eciiu ¢dokyc Haxomstcs Ha ocu OY (F (0,%) ), a aupeKTpuca

2
+2px:\/x2+px+p7: (x+

PaBHO PAaCCTOAHUIO OT TOYKHU MI[O AUPCKTPUCHI.

_jz _

x+Z
2

MMEET YPAaBHEHUE y = —§ , TO KAHOHUYECKOE ypaBHEHHE OyjaeT x° =2py .

O6mee
a,x’ +2a,xy+a,,y’ +2a,x+2a,y+a=0, 3aganHoe B 1eKapTOBOH CHCTEME

O01ee ypaBHeHHe KPUBOii BTOPOro MOpsAKa

YpaBHEHHE

KpUBOU

BTOPOI'O

KOOpAMHAT, ONPEAEIAET OJHY U3 CIEAYIOIIUX AEBATH JUHUH (cM. Tadm. 1).

Tabnuua 1

Kunaccudpuxanusi KpuBbIX BTOPOro NopsiaKa

I'pynma | Ne YpaBHEHHE JIMHUU Haszsanue nuaun
32 2
1 ___4_2L_:], Omminc
2 2
a b
32 2
2 Z_ 4 b =—] MHHUMBIH 3JUTHATIC
2 2
a b
I 3 x’ y2 ~0 JIBe MHUMBIE
? + b_z - IePEeCeKAIOIINECs TIPSIMBbIC
32 2
4 *x Y =1 ['unepbomna
2 2
a b
2 2
5 X Yo 0 JIBe nepecekarouuecs
a b MpsIMbIE
11 6 xt=2 py [Tapa6oina
2 2 JIBe mapaienbHbie
/ x"=a(a#0) MIpsIMBIE
1 3 2 b 0 JIBe MHUMBIC
X a*(a ) HapaljIe/IbHbIE TIPSAMBIC
BE COBIAJAIOIINE
9 x*=0 .

IIpsIMBIE

32

, T. €. pacctosinue | MF |

nopsiaKa




2.4. IloBepXHOCTH BTOPOI0 MOPSAKA
VYTBepxkaenust U GopMyJibl JAHHOTO pasjelia JOKa3bIBAIOTCS aHAIOTUYHO TEM,
yT0 OBLLIN HaHbl I KPHUBBIX BTOPOI'O ITOPSIAKA. HOC—)TOMy X A0Kas3aTejJabCTBa HE
MMPpUBOIATCA.

Coepa
Onpenenenue. Cgepoui Ha3BIBACTCSI T'C€OMETPUYECKOE MECTO  TOYEK
MIPOCTPAHCTBA, PABHOYIAJIICHHBIX OT (DMKCUPOBAHHOW TOYKH, HA3bIBAEMOM IIEHTPOM
(puc. 6). PaccTosiHue oT Touek cepbl 10 LEHTpa Ha3bIBACTCS paouycoMm.
Teopema. Cdepa pagumyca R c¢ uentpom B Touke M (x,,V,,Z,) HMEET

ypasHenue (x—x,)" +(y—y,) +(z—z,)’ =R’.

Puc. 6. Cepa

DJIIIHIICON

Onpenenemfle. Onauncoudom Ha3bIBaeTCS IMOBCPXHOCTh, KAHOHHNYCCKOC
2 2 2

. Xy oz

YyPaBHEHHME KOTOPOH UMEET BUI —; + <+ — =1 (puc. 7).

a b c

Hccnenyem popmy smmunconaa. 3 ypaBHEHHs BUIHO, YTO KOOPIUHATHI TOYCK
MOBEPXHOCTH OTpaHuyeHbl: | X |[<a, | y[<h, |z|<c.

Onnuncony; o0agaeT Tpemsl IJIOCKOCTSIMU CHUMMETPUU, TPEMs OCAMHU
CUMMETPUHM U LIEHTPOM CUMMETpuu. VMU ciykaT COOTBETCTBEHHO KOOpAMHATHBIC
MJIOCKOCTH, KOOPJMHATHBIE OCH U HAYaJI0 KOOPIMHAT.

Jiist BbIsICHEHUS (DOPMBI AJUTUIICOMAA PACCMOTPUM €r0 CEYEHHS MIIOCKOCTSIMHU.
Haiinem nuHuto nepecedenus smmncouaa ¢ miaockocteio XOY . Tak kak moOas

To4YkKa rockoctu XOY uMeeT HyJeBYIO TPEThIO KOOpaAuHATY, z =0, TO KOOPJIUHATHI
2 2
X Y
TOYEK AIJUIMIICOUAA Ha IMIOCKOCTH XOY ynoBIETBOPSIOT YpPaBHEHUIO —2+?=1.
a
[Tomyuaem, 4TO JIMHUS TEPECEUCHUS SIBISCTCS AJUIMIICOM C TMOJIYyoCcsMU a U b.
y2 ZZ
AHaJOTUYHO, CeUCHHE B INIOCKOCTH YOZ naet 3JuIuIc = +— =1 c monyocamu b u
c
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2 2

x° oz
C, & CEUYEHUE MIOCKOCTbI0 XOZ —sanune — +— =1 ¢ mojyocsaMu a u c.

a C

Puc. 7. Dmmunconn

Tak e, Kak JUIsl 3JIJTMIICA, TOYKH MIEPECEUEHUS] FJUTUIICOU 1A C KOOPIUHATHBIMHU
OCSIMM HA3bIBAIOTCS BEPIIMHAMM JJUIMIICOUJA, UEHTP CUMMETPUU — IIEHTPOM
aummnconia. EcM mojlyocu TMONapHO pPasjivuyHbl, TO DSJUIMIICOMJ Ha3bIBACTCS
TpexocHbIM. Ecnu nBe monyocu paBHBI JPyr APYyry, TO SJUIMIICOMJ HA3bIBACTCA
AJUIMTICOUJIOM BpAIICHUS. DJUTUTICOU]] BPAILICHHUS MOXKET OBITh MOJYYEH BpalleHUEeM
3JUTUIICA BOKPYT OJHOW U3 OCEM.

I'mnep6osionabl

Onpenenenue. OoHonosocmHbIM 2unepOoI0U0OM HA3BIBACTCSI MOBEPXHOCTb,
2 2 2
. Xy oz
KaHOHMYECKOE YPaBHEHHE KOTOPOH UMEET BUJ —5 + T 1.
c
Hccnenyem hopMmy ogHOMONOCTHOTO THIepOononaa. Tak ke, Kak dJUTHIICOUI,
OH MMEET TPU IUIOCKOCTH CUMMETPHHU, TPH OCH CHMMETPHH W IICHTP CHMMCTpPHH.
My ABJISIFOTCS COOTBETCTBEHHO KOOPIWHATHBIC TUIOCKOCTH, KOOPIWHATHBIC OCH H
Hayajo koopauHar (puc. 8).
JUIs  mocTpoeHHMs THUIEpOOJOWIa HAWJIeM ero CEUCHUs pa3InYHBIMH

wiockocTsiMu. Halinem nuHMIO nepeceueHus ¢ Iuiockoctbto XOY . Ha aroif
2 2

X
mwiockoctu z =0, mopTomMy — + Y- 1. D10 ypaBHeHHUE Ha IockocTd XOY 3amaer
’ a b

AIUTUIIC ¢ TostyocsiMu a U b. Haiinem nuHuio nepeceuenus ¢ miockocteio YOZ . Ha
2

y' oz
—2 _1.

oTOll TUIocKocTH X =0, mo’TOM —— = 910 aBHEHHE THIIEpPOOILI Ha
2 2
C

wiockoctu YOZ , e nedcTBUTENbHAs MOJIyoCh paBHa b, a MHUMAs IOJIyOoCh paBHA
c. Ceuenue miockoctbto XOZ Takxke SBISETCA TUNEpPOOJION C ypaBHEHUEM

——=1.
a ¢

2
X z
2
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Puc. 8. OqHOIIOIOCTHBIN

runepooon

Eciu a=b, TO ceuenus runepOoionga IUIOCKOCTAMH, MapajuieIbHbIMU
wiockoctn  XOY, SBIAIOTCA OKPYXHOCTAMHU. B 3TOM ciydae MOBEpPXHOCTh
HA3bIBACTCS OJHOTOJIOCTHBIM THMEPOOJIOUIOM BpAIICHUS U MOXKET OBITh IMOJIyYeHa
BpalleHHeM TUnepoodibl, Jexaiien B mockoctu YOZ , Bokpyr ocu OZ .

CeueHue OJHOMOJOCTHOIO TUNEPOOIOMa MOXKET ObITh U MApON MPSMBIX,
Ha3BbIBAEMBIX npsaMouHetiHbimu oopasyrowumu (puc. 9). Ecinu Touky ux nepeceueHus
B34Tb Ha ropiaoBoM smumnce (M (x,;7,;0)), TO ypaBHEHUSAMH HPSIMOJIMHEHHBIX

X=Xy Y=Yy _Z X=X Y=Y, _Z
b > a b '

— o — X ¢ ~ Vo — X ¢
a a

b

oOpazyromnux OyayT:

Puc. 9. Ceuenust 0JHOOIOCTHOTO

runepooonia

Onpenenenue. /[gynorocmuvim 2cunepboioudom HA3ZBIBAETCS TOBEPXHOCTH,
2 2 2
. Xy oz
KaHOHMYECKOE YPaBHEHHE KOTOPOH UMEET BUJ — +<5 —— =—1
a b ¢
Uccnenyem ¢opmy asymonoctHoro rumnepbosouaa (puc. 10). Tak ke, kak
DJUTUTICOUT U OJTHOIIOJIOCTHBIM TUTIEPOOJION]I, OH UMEET TPH ILNIOCKOCTH CHMMETPHH,
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TPU OCH CHMMETPUM M LEHTP CUMMETpUH. VMU SBASIOTCS COOTBETCTBEHHO
KOOPJAMHATHBIE TNIOCKOCTH, KOOPIMHATHBIE OCH M HAYAJIO KOOPIUHAT.

Jis  moctpoeHus rumepOojoMa  HaWIeM €ero CEeYeHus pazuYHbIMU
wiockocTsiMu. Halinem nuHMIO nepeceueHuss ¢ Iuiockoctbto XOY . Ha aroit

2 2
miockoctu z =0 , HOOTOMY — + y—2 =-1. KOOpI[I/IHaTBI HH OI[HOI\/'I TOYKH ITNIOCKOCTH
a

XOY He MOryT YAOBIETBOPATH JaHHOMY YypaBHeHuto. CleloBaTelbHO,

JBYTIOJIOCTHBI T'HIEpOOJION] HE TMepecekaeT 3Ty IUIOCKocTh. Haiinem nmHuio
y2 ZZ

nepecedeHus ¢ miockocTeio YOZ . Ha 3toii minockoctu x =0, mosTomy e =—1.
c

D10 ypaBHEHHE TuIepOoibl Ha MIOCKOCTH YOZ, rae AelCTBUTENbHAs MOIYOoCh

paBHa ¢, a MHUMas noyiyoch paBHa b. CedeHue miockocTbio XOZ Takxke SBISETCS

2 2
. z
TUIepOoIIoN, ¢ ypaBHEHUEM — —— =—1.
a c

Puc. 10. JIBynonocTHbIi

rurnepooIon

Ecnmu a=>b, 10 ceuenus rumepOoionsa IIOCKOCTSMH, MapauIeIbHBIMU
wiockoctn  XOY, SBIAIOTCA OKPYXHOCTAMHU. B 3TOM ciydae MOBEpPXHOCTH
HA3bIBACTCS ABYMOJOCTHBIM THUNIEPOOIONIOM BpAIICHHUs] U MOXKET OBITh IMOJy4YeHA
BpallleHHeM TUnepoodibl, Jexaiien B mockoct YOZ , Bokpyr ocu OZ .

Konyc

Onpenenenue. Kowycom (6mopoco nopsoxka) Ha3bIBa€TCS TOBEPXHOCTb,

yYpaBHCHHE KOTOPOW B HEKOTOPOW JIEKapTOBOW CHCTEME KOOpPAWHAT WMEET BHI

2 2 2
a b° ¢
TUIEPOOJIONIBI, OH UMEET TPH INIOCKOCTH CHMMETPHUH, TPU OCH CUMMETPHUH U IICHTP
cumMeTpud. VMU SABISIFOTCS ~ COOTBETCTBEHHO  KOOPJMHATHBIE  IIJIOCKOCTH,
KOOPJIMHATHBIC OCH M Hadajgo KoopauHaT. J[Jsd MOCTpoeHWs KOHyca HalaeM ero

CCUCHHUA PA3INYHBIMU IIJIOCKOCTAMM. HaﬁI[CM JIMHUIO TICPCCCUCHUA C INNIOCKOCTBHIO

=0. Uccnenyem dbopmy konyca (puc. 11). Tak ke, KaK 3JUTUTICOUT U
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2 2

o X .

XOY . Ha sroit miockoctu z =0, mosromy — + Z—z = 0. KoopanHaTsl TOJBKO OJTHOU
a

TOYKU IJIOCKOCTH XOY MOryT yAOBIETBOPATH JAHHOMY ypaBHEHHIO, a MMEHHO,
Hayaja koopauHat. Haiinem nuHuio mepeceueHusi ¢ miockocteio YOZ . Ha sroit

2
z c
mockoctd x =0, HOSTOMYZ—Z——Z =0. D10 ypaBHEHUE Mapbl NPAMBIX Z = ig y Ha
c
mwiockoctu YOZ . Cedenue 1OCKOCThI0 XOZ Takke SIBISIETCS Mapol MPSIMBIX C

c
YpaBHEHHUEM z =+—X.
a

Puc. 11. Konyc

Touka mnepeceyeHuss KoHyca C IIOCKOCThIO XOY Ha3bpIBaeTcs BEPIIMHOM
KOHYCa.

Ecin a=>b, TOo cedyeHus KOHyca IUIOCKOCTSIMHU MapajlIeIbHBIMHU IJIOCKOCTH
XOY npenctaBisioT co00i OKpYKHOCTU. B 3TOM cilydyae MOBEpXHOCTh HA3bIBAETCS
NOPSIMBIM KPYTrOBBIM KOHYCOM M MOXET OBbITh TOJIydeHa BpallleHHEM MpPSIMOH,
nexaiei B miockoctu YOZ , Bokpyr ocu OZ .

ITapa6onounabl

Onpenenenue. Omiunmuyeckum napaboiouo0om HA3BIBACTCS IMOBEPXHOCTD,

ypaBHEHHE KOTOPOM B HEKOTOPOM JEKApTOBOM CHCTEME KOOpAUMHAT UMEET BH]I
x2 y2

?+b—2 =z . UccnenyeM dopmy amuuntrudeckoro napadonouaa (puc. 12). On umeer
JIB€ IUIOCKOCTH CHMMETPUU M OCh CHUMMeTpuH. MIMU SBASIOTCS COOTBETCTBEHHO
KoopauHaTHble mockoctd XOZ , YOZ u xoopaunatHas ock OZ . [{ns mocTpoeHus
AIUTUTNITUYECKOTO Mapaloyionsia HalleM €ro CEe4eHHsl PazIuYHbIMU IUIOCKOCTSIMH.

Halinem nunuio mnepeceuenusi ¢ 1uiockoctbto XOY . Ha stoit mnockoct z =0,
2 2

X o
MO3TOMY —2+y—:O. KoopauHaTel TOIBKO OAHOM TOUYKH TIOCKOCTH XOY MOTyT

b2
YIIOBHCTBOPHTB )IaHHOMy ypaBHeHI/IIO, a HMCHHO, Haydajia KOOPI[I/IHaT. HpI/I
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IMOJOKUTCIIBHOM Z IIOJIYHAaCM S3JIJIUIIC. HaﬁI[CM JIMHUIO TICPCCCUHCHUA C ITIJIOCKOCTBIO
2

Y

YOZ . Ha stoit mockoctu x =0, mo3atomy ?zz. D10 ypaBHEHHE MapaboJbl Ha

mwiockoctu YOZ . CeueHue miockocTbio XOZ Takke SBISIETCS MapaboJion.

Puc. 12. Dmmnruyeckuit
napabosong

Eciu a=»b, TO cedeHuUs IMIOCKOCTAMH, NapajuIeIbHBIMU TUIOCKOCTH XOY ,
MPEACTABISAIOT CO0O0M OKpPY)XHOCTH. B 3TOM ciydae NOBEPXHOCTh Ha3bIBACTCS
napaboJIoNIOM BpallleHuss W MOXKET OBbITh 00pa3oBaHa BpallleHHeM mapabdoJIbl,
nexaiei B miockoctu YOZ , Bokpyr ocu OZ .

Onpenenenue. [ unepboruueckum napaboioudom Ha3bIBACTCS MOBEPXHOCTD,

ypaBHCHHE KOTOPOH B HEKOTOPOW JEKapTOBOH CHCTEME KOOPJIWHAT HWMEET BH]
x2 y2

pE = z. Uccnenyem dopmy runepbonudeckoro napadonouaa (puc. 13). Tak xe,
KaK U DJUTUNTHYCCKUN TapaboJion]l, OH MMEET JBE IUIOCKOCTH CHMMETPHH U OCh
CUMMETpHH. VMU SBJISIOTCS COOTBETCTBEHHO KOOpAUHATHBIC IIockocTH XOZ , YOZ
U koopamHatHas ocb (OZ. Jlns TOCTpOeHHUs THIEPOOIMYECKOro mapadoona

HaﬁHCM Cro CCUCHUA PA3JINYHBIMH IIJIOCKOCTAMMU. Haﬁ):[eM JIMHUIO TICPCCCUCHUA C
2 2

. R
mnockocTeio XOY . Ha 1ot miockoctr z =0, mosToMy — — % =0. Or1o ypaBHEHHE
a

omnpenenser Ha MmiIockoctd XOY mapy mnpsmeix y==x—x. Haiinem nuHuto
a
2

nepecedeHus ¢ miockoctoio YOZ . Ha sToit minockoctu x =0, mosTomy —% =z.9T0

ypaBHeHHE Ha miockoctu YOZ 3amaet nmapaloiy, BETBH KOTOPOM HalpaBieHbl BHU3.
2

. X
Ceuenne mIockocThi0 XOZ TaKxxe ABIACTCA NapabdoONOd — =z, HO €€ BETBU
a

HaIIpaBJICHbBI BBCPX.
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Puc. 13. Tunepbonmaeckuit
napabosong

uauHapbI

Onpenenenue. [Jurunopuueckoii nogepxHocmsio Ha3bIBAETCI T€OMETPUUECKOE
MECTO TMapaJJICTbHBIX MPSMBIX, MEPECEKAIOMMNX JAaHHYI JIMHUIO. JTa JIMHUSA
Ha3bIBAETCS HAIMPABJIAIONIEH, a NapaJljIebHbIE MPSMbIE — 00Pa3yIOIIUMHU.

VYpaBuenne Buaa F(x;y)=0 omnpenenser MWIMHAPUYECKYIO MOBEPXHOCTH C

oOpazyroumumu, mnapamwieabibiMu ocu  OZ . Ha mnockoctn XOY  ypaBHeHue
F(x;y)=0 onpenenser HampapisIOUIyI0 pacCMaTpUBAEMON LUIUHIPUYECKON

MOBEpXHOCTH. TakuM 00pa3om, €ciiv ypaBHEHUE MMOBEPXHOCTU HE COJAEPKUT B SIBHOM
BUJIE KaKOW-TMOO MEpEeMEHHOM, TO 3TO YpaBHEHHUE OIpeeNsieT B IMPOCTPAaHCTBE
HWIMHAPUYECKYI0O  TTOBEPXHOCTh €  OOpasylolllMMHU, MapajulebHBIMH  OCHU
OTCYTCTBYIOLIETO IEPEMEHHOIO M HAIpaBIAIOUIEH, KOTOpas B IIOCKOCTH ABYX
ApYyruX IMEpPEeMEHHbIX MMEET TO *e caMmoe ypaBHeHue. Hac OyayTr umHTEpecoBaTh
TOJIBKO T€ UMJIMHIPUYECKHE IMOBEPXHOCTHU, KOTOPHIC SIBISIOTCS IMOBEPXHOCTIMHU
BTOPOTO MOPSIAKA.

Onpenenenue. [loBepXHOCTh, KOTOpass B HEKOTOPOM JEKapTOBOM cucTeMe
2

2
X
KOOpIMHAT 3aJacTCsA  ypPaBHEHUEM — + Y 1,

a’ b’

Ha3bIBaCcTCA  SJIIMIITHYCCKUM

X
OUJIMHAPOM, ITOBCPXHOCTDb, KOTOpPAd 3a4aCTCA YPaBHCHUCM —Z—Z—z =1 , HA3bIBACTCs
a

2
TUNEpOOTMYECKUM [WJIMHIPOM, a KOTOpas 3aJaeTcs ypaBHEHHEM V~ =2px,

Ha3bIBAaETCA MapaboJnYecKuM HUIUHApPOM (puc. 14).

Jyist Toro 4ToObl MOCTPOUTH UMIMHAPUYECKYIO TMOBEPXHOCTb, TOCTATOYHO
HapucoBaTh Ha IIockocTh XOY HanpaBisIoOLlyl0, YpPaBHEHHE KOTOpPOM Ha ATOU
IUIOCKOCTH COBNAJAaeT C ypaBHEHHEM CaMOW MOBEPXHOCTH, U 3aT€M Yepe3 TOUYKH
HaNpaBJAOUIE NpoBecTH oOpasymouue napamwieasHo ocu OZ . [lns HarmsiHOCTH
ClelyeT TOCTPOUTh TAaKXKe OJHO-/BA CEUEHUs IUJIOCKOCTSAMH, MapauiebHbIMU

39



mwiockoctd XOY . B KaXXJ0M TakOM CEUEHUHU MOJYYHM TaKylO K€ KPUBYIO, KaK W
MCXOJ[HAsl HAIIPaBJISIOLIAs.

a 0 B
Puc. 14. Buapl tunuHApOB:
a — DIUIMITUYCCKUM; O — TUIepOOTMYECKUi; B — mapadoIruecKui

O01ee ypaBHeHHE MOBEPXHOCTH BTOPOro MOPSAIKA

OOmiee ypaBHEHHE IIOBEPXHOCTU BTOPOTO MOPSIKA
a, X" +a,y’ +a,z’ +2a,xy +2a,xz + 2a,,yz + 2ax +2a,y + 2a,z +a =0,

3aJJaHHOE B JCKApPTOBOW CHUCTEME KOOPAWHAT, OMPENCNSIeT OAHY M3 CICAYIONINX
CEMHA/JIIIATH TIOBEPXHOCTEH (CM. TabI. 2).
Tabnuua 2

Knaccudpukanus mopepxHocreid BTOPOro nopsijaKa

I'pynma | Ne YpaBHEHHE TOBEPXHOCTU Ha3zsanue nosepxHoctu
2 2 2
X z
1 — + 2 +—=1 OJIIMIICONT
a b ¢
2 2 2
X z .
2 —+ 2 +—= -1 MHUMBIHN 3JUTAIICOU T
a b ¢
2 2 2
X z .
3 —+ y—2 +—=0 MHUMBII KOHYC
I a b ¢
2 2 2 o
4 X N yooz_ 1 OIIHOIIOIOCTHBIN
at br A runepooIoua
2 2 2 o
5 X N Yoz _ 1 JIBynOJIOCTHBIM
at b: A runepooIona
2 2 2
X z
6 L Komyc
a b ¢
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OxkoHyaHue TadJI. 2

I'pymmma | Ne YpaBHEHHE IOBEPXHOCTH HaszBanue nosepxnoctu
2 2 )
7 XY DM TAYECKU I
_ — =z
at b napaboJionsa
II
2 2 V)
3 Xy, [M'unepOonuueckuii
at b2 napaboious
2y JIBe MHUMBIE
11 —+=5=0 MEPECEKAIOIINECH
a b IIOCKOCTH
x2 y2
11 12 — =1 ['unepOonuyeckuil UUIUHAP
a b
2 2
13 X Y o JIBe nepecekaromuecs
at b’ IJIOCKOCTH
2 o
v 14 Vv =2px [Tapabonuueckuii TUIUHIIP
2
15 X4 JIBe napasuiesnbHbIe
a’ IJIIOCKOCTH
2
v 16 Xt | JIBe MHUMBIE
a> MapajuiesIbHbIE INTIOCKOCTH
2
17 _0 JIBe coBmanaromue
a’ IJIIOCKOCTH
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2.5. Pemienue 3a1a4 Ha JIMHUM U TOBEPXHOCTH
IIpumep 1. CocTaBuTh ypaBHEHUE MPSAMON JTUHUU, 0Opasymomei ¢ ocbto OX
yron 60° u nepecekarmieit ock OY B touke (0,—2). BbIsICHUTH, TIPOXOAUT JIM 3Ta

npsMas yepe3 TOUKU A(\/g ,1)u B(2,5).

Pemenne. V3 ycnmoBusi 3amauu cieayeT, 4TO HadalibHas opJuHaTa b=—2,
yraoBoit ko3¢ dummeHt k =tg60° = J3 , CJEeIOBaTeIbHO, HMEEM ) = x3-2.
[loncraBisst B ICKOMOE ypaBHEHUE MPSIMON KOOPAUHATHI TOUKU A BMECTO TEKYIIMX
KoopauHat, noixyuuM 1=3-2, 1. e. 1=1. Ilpsamas mpoxoauT yepe3 TOUKY A(\/g ,1).
AHANIOrUYHO, MOJICTARIISAS B YPABHEHUE KOOPIUHATHI TOUKH B, TIOMyYHM: S # J3-2.
[Ipsimast He MPOXOIUT Yepe3 TOUKY B.

IIpumep 2. YpaBuenue 15x—3y+2=0 npuBecTH K YPaBHEHUIO C YIIOBBIM

KO3 PUIIEHTOM.
Pemenue. J[anHoe ypaBHEHHE PELIUM OTHOCUTEIBHO ), MOIYYUM YpaBHEHUE

y=5x+2/3. Orcrona BugHo, ut0o k=5, b=2/3.

IIpumep 3. HanucaTte ypaBHEHME NPAMOM, IPOXOASUIEN Yepe3 NaHHBIE TOUKU
A(2,-5) u B(1,3).
Pemenne. 3anunemM ypaBHEHHUE TaHHOW MPSAMOM
y—=(-5) _ x—2 - y+5
3—-(=5) 1-2 8
Ilpumep 4. Hanucare ypaBHEHHME TNPSIMOH, NPOXOIAIIEH YeEpe3 TOUYKY

=—(x-2)=>8x+y—-11=0-

M (1,2): a) napamienbHO BEKTOPY S(3,4), 6) mepneHuKyISpHO BekTopy N(2,-3).

1 y-2
Pemenue. a) xsz4 wi 4x—3y+2=0, 6) 2(x—1)-3(y—2)=0 nm

2x-3y+4=0.
IIpumep 5. Haiitu yron mexnay npsimeimu y =2x+1u y=0,5x+3.
k,—k | [05-2] 3 3
= =—, @ =arctg—.

1+ kk,| [1+2-0,5 4 4

IIpumep 6. BriOpath 3Hauenue kodpduuuenta B mnpsmoit 2x+ By+3=0

Pemenne. tgp =

TakuM, 4YTOOBI 9Ta TpsMas Oblla: a) mapaienbHa npsmoit 4x—-3y+5=0,
0) nepneHANKYIIsIpHa psiMoit x —5y —4=0.

Pemienne. Mcnonb3ys ycloOBHE MApajuIeNbHOCTH  NPSAMBIX, OJYYUM

2 B
Al/AzzBl/B2:>2=—3:>4-B=—6, Bz—%. Hcnone3ys yCIIOBHE

NEPIEHIUKYIAPHOCTH  NpsAMBIX, nonyuuMm A4, +BB,=0=2-1+(-5)-B=0,
B=2/5.

Hpumep 7. Haiitu ypaBHEHME TMpAMOH, NPOXOIAILLECH Yepe3 TOUKY
nepecedyeHus npsMbix 2x —3y+5=0 u x+2y—1=0, a takxe: a) Touky M (-2,3),
0) nepneHANKYISIpHO TpsiMoit x + y—1=0.
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2x=3y+5=0
Pemenne. Pemas cucremy , TIOJy4aeM TOYKY TMepecedyeHus
x+2y—-1=0
npsambeix M (—1,1). a) YpaBHeHHe NmpsMOH, MPOXOJsAlIel 4epe3 ABEe TOUKH, Oynaer
x+1  y-1
-2+1 3-1’
kod(ppunmeHt —1, Toraa neprneHaUKysspHas ed umercs B Bujge y=x+b. C yuerom

T. ¢ 2x+y+1=0. 06) Ilpamas x+y—-1=0 wumeer yraoBou

npoxoxaeHus ee uepe3 M (—1,1), umeem y=x+2.

IIpumep 8. CocTaBUTh ypaBHEHHE IUIOCKOCTH, HPOXOJIAIIEH 4Yepe3 TOUKY
M (1;—-6;5) nepneHaukysipHO BeKTOpYy 71 = (9;2;-1).

Pemenne. 9(x—1)+2(y+6)—(z—5)=0 unmu 9x+2y—-z+14=0.

Ipumep 9. CocTaBUTh ypaBHEHHE IUIOCKOCTH, MPOXOJAIIEH 4Yepe3 TOUKY
A(-2;4;5) wu mnpsamyro P mepecedenuss 1uiockocte  9x—y+5z-12=0,
3x+5y—-z-1=0.

Pemenune. HVcrnonszyem ¢opmyiny Mydka IJIOCKOCTEH, MPOXOASIIMX Yepes
npsivmyto P: 9x—y+5z—12+ pu(3x+5y-z—-1)=0.

Haiinem 3Hauenue mnapameTpa M, TpU KOTOPOM H3 IMydKa IJIOCKOCTEH

BBIJICJISIETCS MCKOMAs TJIOCKOCTh. J[Jis 3TOro KOOpAMHATHI TOYKU A TOJCTaBUM B
MOJY4YEHHOE YpaBHEHUE MyUYKa

9(~2)—4+5-5-12+ A(3(-2)+5-4-5-1)=0, ~9+81=0, ﬂ,:%

HckoMoe ypaBHEHHE TTOCKOCTH
9x—y+52—12+§(3x+5y—z—1):O, 9x+37y+31z-105=0.

OtBet: 9x+37y+312-105=0.
Mpumep 10. JlaHbl TOYKH Ml(l,Z,l), Mz((),—l,4), M3(—3,1,5). CocTaBHTh
ypaBHEHHUE TIockocti M M, M, .

x—1 y=2 z=1| |x-1 y=-2 z-1

Pemenne: | (0-1) (-1-2) (4-1)=|-1 -3 3 |=
(-3-1) (1-2) (5-1 |4 -1 4

-3 3 -1 3

“G-0 02 ]

=(x=1)(-9)-(y-2)8+(z-1)(-11)=0,
9x+8y+11z-36=0.
Otger: oO11ee ypaBHEHHE MIIOCKOCTH 9x +8y +11z-36=0.

Mpumep 11. Jams Touxu A(-1,0,9), B(4,1,2), C(7.3,5). CocraButh
ypaBHEHHE TUIOCKOCTH, MPOXOSIICH Yepe3 TOuKy 4 meprneHaukyisipao sekropy BC .
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[IpuBecTu ero Kk HOpMaJILHOMY BUJTY.
Pemenne. Bextrop BC umeet Bua BC = (3;2;3). CoctaBuM o0111€€ YpaBHEHHE
HCKOMOM TIOCKOCTH
3(x+1)+2y+3(z-9)=0, 1. e 3x+2y+32-24=0.

3 N 1
HaI/IIIeM HOPMUPYIOIINH MHOXHUTCIIb U = m = \/ﬁ . YMHOXas YPaBHCHHC

IINIOCKOCTH Ha HOpMI/Ipy}OH_II/Iﬁ MHOXHUTCIIb, IIOJIYYUM HOPMAJIBHOC YPABHCHUC
3 2 3 24

IJIOCKOCTH X +y +z - =0, roe xko3hUIMEHTH TPU X, V,Z —
V22 N2 22 Y22 Y
COOTBETCTBYIOILIME HAMPABIAIONINE KOCHHYChl HOpMalld, PAacCTOSHHE OT Hayalia

24
KOOPAMHAT J0 IJIOCKOCTH P = ——.
p p )
OtBer: oOmee ypaBHeHHE TIOCKOCTU:3x+2y+3z—-24=0; HOpMaIbHOE

3 2 3 24
DX + +z — =0.
ypaBHEHUE NG y N RN N
Mpumep 12. Jlamm Touxu A(0,4,-1), B(3,1,2), C(-2,2,5). Haiitu
paccTostHue OT TOYKU M (4,5,6) 1o mnockoctu ABC .

Pemenune. CoctaBum ypaBHeHue miockoctu ABC -

x y—-4 z+1
3 -3 3 |=0,-12x-24(y-4)-12(z+1)=0, x+2y+z-7=0.
-2 2 6

Paccrosinue ot Touku M 1o muiockoctu ABC -
g l4+2-5+6-7 13

N

Otger: pacctosaue oT Touku M 1o minockoctu ABC paBHO —\/g .

IIpumep 13. 3anucars ypaBHEHUE ITIOCKOCTH B OTpe3Kax 3x+y—2z+4=0.

Pemenune. 3amumem 3x+y-—-2z=-4, pazmenum Ha—4, 3_x+ Y 4

— i:l,
4 -4 2

_+l+_:
—4/3 -4 2
npu x=-4/3,0ce OY npu y=—4,o0ce OZ npu z=2.

| — ypaBnenme B oTpeskax. JlaHHas MIOCKOCTH MmepecekaeT och OX

Ilpumep 14. Ilpy xakoM 3HAYCHHMH NapamMeTpa ( JB€ IUIOCKOCTH OynyT
NepNeHIUKYIApHbL: 2x— Y +3z—-1=0, 3x+y+u-z—-5=0.
Pemenne. Eciu miockocTd MNEpHEHAMKYISIPHBI, TO BEPHO PAaBEHCTBO

2-3-1+3u=0. Orcrona u:_g.
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5
OTBer: Ipu 3HAa4YCHHUM IIapaMCTpa ([ =—— JIBC IIJIOCKOCTH 6YI[YT B3aNMMHO
3

NEPICHINKYISPHBIL.
Mpumep 15. Ussectun Toukn A(—1;4;-2), B(2;1;3), C(7;2;1) u miockocts
3x+5y—z+1=0. CocraBute ypaBHeHHue muockoctd ABC. Haiitu yrom ¢ Mexmy

JIAHHOU IJIOCKOCTHIO U I1ockocThio ABC.
x+1 y—4 z+2

Pemenune. Ypasuenue miockoctu ABC| 3 -3 5 |=0,
8 -2 3
x+1+431(y—4)+18(z+2)=0, x+31y+182-87=0.
Hopwmanp N = (1;31;18) . Halimem yron Mex1y MIOCKOCTIMHU

cosgpo 13 1F53I-118] 140 (p:arccos( 140}
V3245 4 PP +312 4182 N45010° J45010 )’

OtBet: ypaBHeHue iockoctu ABC x+31y+18z—-87=0, yron Mmexnay

( 140 j
TIJIOCKOCTAMU (pzarccos "

V45010

Ipumep 16. CocTaBuTh ypaBHEHHUE IUIOCKOCTH, MPOXOAIIECH 4Yepe3 TOUKYy
A(l;7;—l) MEPIEHAUKYIISIPHO JAHHBIM TUIOCKOCTSIM x—y+5z-5=0,
2x—y—-3z+11=0.

Pemienne. HopmanbHble BEKTOPBI JAaHHBIX IUIOCKOCTEW ﬁl =(1;-1,5),

N,=(2;-1;-3). Tak xak wuCKOMas IUIOCKOCTb HEPHEHIUKYJSIPHA JAaHHBIM

IUIOCKOCTAM, TO €€ HOPMAJbHBIA BEKTOp N mepneHaukyiuspeH N, u N,.

CJICI[OB&TCJIBHO, MO’KHO HaUTHU N Kak BCKTOPHOC IMMPOU3BCACHUC

— —

i 7k
N=N,xN,=|l -1 5|=8+13j+k-
2 -1 -3

3Hasi HOpMaJbHBIA BEKTOP U TOUKY, COCTABUM ypaBHEHHE UCKOMOM MIOCKOCTH
8(x—1)+13(y=7)+(z+1)=0, 1. e 8x+13y+2-98=0.
OTtBet: ofmiee ypaBHEHHE IUIOCKOCTH, NEPIEHIUKYISIPHOU ABYM JaHHBIM
mockocTsM, 8x+13y+2z-98=0.

Ipumep 17. [Ipsmas 3aaHa Kak nepecedyeHue ABYX IIOcKOocTel. COCTaBUTh
KaHOHUYECKHUE YPAaBHEHHUS IIPSAMOMN

Sx—y+z+1=0,
{3x+2y—z—7=0.
Pemenne. Vckirounm z, CI0KHUB YpaBHEHUS CUCTEMBI 8x+ ) —6=0.
Uckmounm  y, npubaBUB KO BTOPOMY YPaBHEHHIO IE€PBOE, YMHOKEHHOE Ha 2,
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13x+z—-5=0. Bolpa3zuM 13 NoJy4eHHbIX PABEHCTB
x:y_—6:z—5’T-e X y—6:z—5‘
-8 —-13 I -8 -13
. X y—6 z-=5
OTBET: KAHOHUYECKUE YPABHEHUS NPSIMOM T = oy = 3"
Ipumep 18. [Ipsamas 3amaHa Kak nepecedeHue ABYX IIockocTeld. COCTaBUTH
KaHOHWYECKHUE YPABHEHUS MPAMOIA.

x—4y+5z+12=0,

2x-3y+4z-1=0.
Pemienne. McknouuM x, BbIUATasE M3 BTOPOTO YPAaBHEHHS IMEPBOE,
YMHOEHHOE Ha 2, 5y —6z —25=0. YMHOXHUM NIEpBOE ypaBHEHUE HA 4, BTOPOE — Ha

5, 3anuueM pa3HUIy NMOJYyYEHHBIX BbIpaxeHuii 6x + y—53=0.

6(2 + 265j 53
Baipazum u3 TOJIyYEHHBIX paBEeHCTB y= — - —6(x - Zj ,
53 25
x— + =
6 _Y__ 6 _ xamonmdeckue ypaBHEHHS.
-1 6 5
53 25
x— " z+
Orser: —16 = % = T6 — KaHOHMYECKUE ypaBHEHUs IPSIMOIL.

Hpumep 19. IlpuBectn ypaBHEHUS NPSIMON K KAHOHUYECKOMY BUTY
x+y—-3z+3=0,
{3x—3y+z+6:0.

Pemenue. Ilokaxkem, Kak MOXXHO pEIIMTh 3Ty 3afauy uHade. HopmanbHbie
BEKTOPBI TaHHBIX TIIOCKOCTEU ﬁl =(L1;-3) n ﬁz =(3;-3;1). IIpsimass npuHAIIEKUT
MEepBOM IJIOCKOCTH, a d3TO 3HAYUT, UTO €€ HanpaBIAOIMA BEKTOp §
MEePNEHAUKYIAPEH HOPMAJIU ﬁl; MPUHAJICKUT TAKIKE BTOPON MIOCKOCTH — BEKTOP

_

§ TepHeHIUKYISIpeH HopManu N,. VICKOMBIN HampaBisOIUNA BEKTOpP INPSMOH

HNMCECT BU

i J k

N=N,xN,=[l 1 -3=-8—10j—6k.
3 -3 1
. y—=3z=0,
BribepeM TOYKy Ha HPAMOM: MyCTh x, =—3, TOrJa M3 CHCTEMBI
—-3y+z-3=0.
9 3 9 3

Vo = —g, Z, = —g, touka M —3;—§;—§ . CocTaBuM KaHOHWYECKHE YpaBHEHUS
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3
x+3 Ytg g x+3 Ytg g

8__ 8 re 8§ ___ 8,
-8 -10 -6 4 5 3
x+3 Ytg T 2
OTBeT: KAHOHUYECKUE yPAaBHEHHUS MPSIMOH s 8 _ 3 8

IIpumep 20. CocTaBUTh KAHOHMYECKHE YPABHEHUS MPAMOU, MHPOXOISIIECH
yepe3 Touky M(3;1;0) mepneHAUKYISpHO IUIOCKOCTAM  x—5y+z—1=0,
3Ix—y-2z+4=0.

Pemenue. [l cocrapneHrs KaHOHMYECKUX YpPaBHEHUN MPSIMOM HEOOXOIUMO
HAlTH €€ HaIPaBJSAIOIINI BEKTOP S W3 YCIOBUS NEPIEHAUKYISAPHOCTH MPSMON IBYM
IUIOCKOCTSIM § = ]Vl X Nz, rae ]\7l = (1;—5;1),]?2 =(3;—1;—2) — HOpMaJIH TIIOCKOCTEH

i J k
5=N,xN,=|l -5 1|=11i +5j+14k.
3 -1 =2

3Has TOYKY M HaNpaBJSIONMHA BEKTOpP, COCTaBIsiEM YpaBHEHUA MPSIMOU
x=-3 y-1 =z

11 5 14
. x=3 y-1 =z
OTBeT: KAHOHHUYCCKHUC ypaBHeHI/IH HpHMOI/I 1 1 = ? = ﬁ

Hpumep 21. Hdansl touku  A(0,1,3), B(-2,1,4) u ypaBHEHHE IUIOCKOCTH

6x +y+5z+1=0. CocraBuTth ypaBHeHHUE NpsAMOil AB. HaliTu TOUKy nepecedyeHus

HpHMOﬁ H IINIOCKOCTHU U erH Me)KI[y HUMMUA.
o X -1 z-3
Pemenne. CoctaBuM ypaBHEHUS npsimoi AB: = yT ==

Hanpasnstonuit Bektop npsimoir AB umeer Buja s =(—2;0;1). HopmanbHbIil BeKTOp

mwiockoctu N =(6;1;5). §-N=-7#0, cinenoBaTeabHO, MpsMasi U TUIOCKOCTh HE
napasuiesIbHbl 1 UIMEIOT €IMHCTBEHHYIO TOUKY TIEPECeUCHUS.

x y-1 z-3 .

[Tonoxum S0 T t. Torma mapamMeTpuYecKHe ypaBHEHUS MPIMOM
x=-2t,

UMEIOT BUJI y=lI,

z=t+3.

[ToacTaBnsst B ypaBHEHHE TUIOCKOCTH M PEIlasi €ro0 OTHOCUTENIBHO ¢, Haijaem

17
3HayeHue mapamerpa  6(=2¢)+1+5(+3)+1=0, ¢ =—. IloacraBisiem B
34 38
HapaMeTpU4eCKUe ypaBHEHUs X, = = Vo =1, z, == Touka mnepecedyeHus
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MPSIMOU U TTIOCKOCTH P(—%;l;%). Haipgewm yron
siny = |-2:-6+0-1+1-5] 7 v = arcsin 7
V22 102+ 1246 + 17 +5° /310 J310°
-1 _
OtBeT: ypaBHeHUA mOpsiMod AB % :yT _Z " 3 , TOYKa TIepeceueHus

. 34 38 :
MPSIMOM U IIOCKOCTH P —7;1;7 , YTOJI MEXKIy HUMH | = arcsin

7
J310°
Ipumep 22. Jlanwm Toukum A(1,2,3), B(0,3,1), C(11,-2,4) u ypaBHEHHS
x—-1 y-7 z+2
-1 2
JTAHHYIO MPAMYIO IEPIEHIUKYIIpHO Tiockoctu ABC.
Pemenne. Jlyisi TOro 4toOBl COCTAaBUTh YypaBHEHHWE HCKOMOWM IUIOCKOCTH,

IPSAMON . CocTaBUTH ypaBHEHHE IIIIOCKOCTH, MPOXOIAILIEH Yepe3

HaiiZileM ee HOpManbHbI BekTop N M 0fHy Touky. COCTABUM ypaBHEHHE TLIOCKOCTH
ABC':
x—-1 y-2 z-3
-1 1 2 |=—T7(x-1)-19(y-2)-6(z-3)=-Tx—-19y -6z+63 =0,
10 —4 1
T.€. 7Tx+19y+6z-63=0.

Hopmans mnockoctu ABC wumeer Bung N, =(7;19;6). Mckomas miaockocThb
NEPICHANKYIApHA IIoCKoCTH ABC, clenoBaTelbHO, WX HOPMaJIH B3aWMHO

—

NEepNeHAUKYIApHbL. Takxke W3 YCIOBUH 3aJaud BeKTOp N NEPHEHIUKYISPEH
HaIpaBJIAIONIEMY BEKTOpY TpsiMoit § = (—1;2;2). 310 o3Ha4aeT, 4To Oy/IeM UCKATh

—_ —_ —

ik
N=N,x5=|7 19 6|=26i —20j +33k.
-1 2 2

JInst HaXOXKAEHUS TOYKA MCKOMOM IJIOCKOCTH MPEACTABUM YPAaBHEHHUE JTAHHOMN
MPSIMOM B MAPAMETPUUECKOM BHUJIE

x=—t+1,
x—lzy—7:z+2:t, p=2+T,
-1 2 2

z=2t-2.

Beibepem nro60e 3HayeHue napamerpa t. Ilycts ¢, =0, Torma x,=1, y,=7,
z, =—2, T. €. BeIOpaHa Touka M (1;7;-2).
Nrak, coctaBum o0liee ypaBHEHHUE IUIOCKOCTH, MPOXOJSIICH Yepe3 NaHHYIO
MPAMYIO MEPHEHIUKYIISIPHO JAHHOW MIIOCKOCTH:
26(x—1)—20(y—7)+33(z+2)=0, T.e. 26x—-20y +33z+180=0.
OtBet: 26x —20y+33z+180=0.
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Hpumep 23. [Tnockocts 4x —3y+9z+36 =0 BbIpe3aeT B cUCTEME KOOPAUHAT
TpeyroiabHUK. COCTaBUM KAHOHUYECKHE YPABHEHUS BBICOT TPEYTOJIbHUKA.

Pemenune. Hopmane mockoctu N = (4;-3;9). Bepuiunbl TpeyrojabHUKa JeXaT
Ha MEePEeCEUCHUH TUIOCKOCTH ¢ ocsiMu koopauHaT A(-9;0;0), B(0;12;0), C(0;0;—4).
CocraBum ypaBHeHHMs BbICOTBI CK, ONYIIEHHOW Ha CTOPOHY AB, Kak NpsMOH,

—

nepneHauKyisaspHoil Hopmaiu N u Bektopy AB=(9;12;0). A 3T0 3Ha4yuT, YTO
HaNpaBJAIOIUN BEKTOp S, HCKOMOM BbICOTBI CK  ompeaensercs BEKTOPHBIM

IMPOU3BCACHUCM
i j k
§5.=NxAB=|4 -3 9|=-1087 +81] +75k.
9 12 0

CocraBum ypasHeHue CK , 3Hast Touky C M BEKTOD S.:

x_l_z+4Tei_l_Z+4
~108 81 75 ° T -36 27 25 °

AHANIOrM4YHO HAIpPaBJIAIOIUNA BEKTOpP S, BBICOTBI AM OmyLIEHHOW Ha

ctopoHy BC, nMmeeT BUJ

A

§,=NxBC=|4 -3 9|=1207 +16] —48k.
0 -12 -4

x+9 y z x+9 y z

VYpaBHenue AM : =—=——T.€. =
120 16 -48 15 2 -6

Hanpasistronuii BEKTOp BbICOTHI BN, omnyiieHHON Ha ctopony AC, ecTb

i j k
§5,=NxAC=|4 -3 9|=127 +97] +27k,
9 0 -4
x y-12 =z
TOI1a — = “——— =—— ypaBHEHUE BBICOTHI BN.
12 97 27
Omer: ——=-2=2 4 ypaBHeHue BbIcOTBHl CK; X+9 =Lz
=36 27 25 15 2 -6
ypaBHEHUE BBICOTBI AM ; A y-12 == ypaBHEHUE BBICOTBI BN.
12 97 27

Ipumep 24. Jlanbl BepumIMHBI B OCHOBaHWM HpsAMou mpusMbl A(5;1;2),
B(2;1;3), C(4;5;5). PeOpo AA, nepneHAuMKyIsipHO ocHOBaHHMIO ABC, ero niuHa
paBHa J14 . Cocrasuts ypaBHeHMs1 ocHOBaHUW npusmbl ABC, A B,C,, ypaBHeHus
npsAMbIX AA,, A B, (PaccMoTpeTs OMH U3 Cllydacs).
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Pemenue. YpaBuenue ocHoBanusi ABC :
x=5 y-1 z-2
-3 0 1 |=—4(x=-5+8(y—-1)—-12(z-2)=0,
-1 4 3
—A4x+8y—-12z+36=0, x—-2y+3z-9=0.

Hopmanereiii Bektop miockoctd ABC: N =(1;—2;3). VpaeHenus pebpa A4, -

ypaBHEHHs TMpsAMOW, MNpPOXOIAIIer yepe3 TOUuKy A  mapamienbHo N

x> _y-1_ 2;2. HeoOxoqumMo HaWTH KoOpaWHATHI BepumHbl A,. Ilpusenem

1 -2
ypaBHEHMsI AA, K mapaMeTpu4eCKOMY BUIY
xX=t+5,
y==2t+1],
z=3t+2.

YSHaCM, KaKO€ 3HAYCHHUC ITapaMeTpa ¢ COOTBECTCTBYCT TOUYKE Al

| 44| = \/(12 +(=2)* +3)2 1|14 = /14, 1. e. t, =+1. PaccMOTPUM TONBKO Ciryuaid
t,=1. Koopaunater Touku 4: x,=6, y,=-1, z,=5. OcnHoBanue A4 B,
napamwienbho ABC, T. e. x—6-2(y+1)+3(z-5)=0 wm x-2y+3z-23=0.

x-=5 y-1 z-2

IIpsimass 4 B, mapamiensHa AB. VYpaBHeHus AB: 3 0 - Torna
-6 +1 z-5
§ =(-3;0;1) — nanpapsttomuii Bektop AB. CiegoBaTenbHO, al 3 s 0 = Zl —
ypaBHeHUs A B, .
OtBer: x—-2y+3z-9=0 — ypaBHeHHe ocHOBaHus npusmbl ABC,

x-=5 y-1 z-2
-2 3

x—2y+3z-23=0 — ypaBuenue A4BC, — ypaBHeHus AA,

x-6 y+1 z-35
-3 0 1

IIpumep 25. CocTaBUTh KaHOHMYECKOE YpPAaBHEHHE OJJUIMIICA, 3HAsA, YTO
6osbias ero ock 2a=10 u skcrienTpucutet e =0,8.

— ypaBHeHUs A B,

Pemenue. c=ae=5-0,8=4, a b HaXOIUM u3 paBEHCTBA
b*=a*-c*=25-16=9, b =3. IloncraBnsisi HaiJeHHbIE 3HA4YeHUS a=5, b=3 B
x2 y2
ypaBHEHHUE dJUTUIICA, TTOJTYYUM UCKOMOE ypaBHEHHUE 2—5 + ? =1.

IIpumep 26. Hamucars ypaBHeHHE runepOo0ibl MO AaHHOW Modyocu a = 1 u
10Jy(OKYCHOMY PacCTOSIHUIO ¢ = 2.
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2 2 2 . 2
Pemenune. 13 paBenctBa a” + b = ¢” nalinem nonyoce b: 1 + b" =4, 1. e.
2 2
X

b=/3 . UckoMoe ypaBHeHHUE TUIepOOIIbI OyIeT UMETh BUJ T Y1,

3
Ipumep 27. Haiitu xoopauHaThl (OKyca U ypaBHEHHUE JUPEKTPHUCHI
napaGoubl x = —5)7.

1
2
Pemenne. HepCHI/IH_ICM YpaBHCHHUEC TakK: Yy =—§X H, CpaBHHBAsA C€ro C

ypaBHEHHEM ) = —2px, TOIy4uM 2p = T. e. p=0,1. Koopnunarel Qokyca

1
5 3
(— %,0) U ypaBHEHHE TUPEKTpUCHl x =1/20.

IIpumep 28. HaiiTu kooparHATH BEpIIMHBI TapadoIIbl, 3aJaHHOW YpaBHEHUEM
x=y’+4y+1. Hanucatb ypaBHEHHE OCH CHMMETPHH.

Pemenne. Hangem KOOPAUHATHI BEPLUKWHBI napadoJIbl:
x=( +4y+4)—4+1, 1. e. x + 3=(y + 2)°. Cre0BaTeIbHO, BEpIIMHA TapaGOIbI
JEXKUT B ToUke (—3,—2). YpaBHeHHE OcH mapadoibl y = —2.

IIpumep 29. YpaBHeHUE TUHUN BTOPOTO MOPSIKA
9x* +16y> —90x+32y+97=0
MIPUBECTH K KAHOHUYECKOMY BHY, OIIPEICIUTD TUI U TIOCTPOUTh.

Pemenue. CrpynnupyeM ciaraemsie, COIEpKalllde TOJBKO X, U ClIaraeMele,
comeprKaiye Tonbko y: 9(x> —10x) +16(y° +2y)+97=0. JIoNnoTHAM BBIPaXKESHHS B
CKOOKax J10 TIOJIHBIX KBaJpPaTOB:

(x> —10x+25-25)+16(3* +2y+1-1)+97=0,
9((x—=5)" =25 +16((y+1)*-1)+97 =0,
9(x—5) +16(y+1)" =144,
(=5 (D’ _
16 9

b

"n2 "2
X
@), 0
16 9
[Tonyunnu, 4To UMeeM ypaBHEHUE DJUIMICA ¢ MOayocsiMu a =4, b=3 U LIEHTPOM B

=1,rme xX'=x-5, y'=y+1.

touke O'(5,—1). Teneps moctpoum ero (puc. 15).
Hpumep 30. HapucosaTs noBepXHOCTh 4x” —y° +2z° +8x—4y—z—-3=0.
Pemenne. Boigennm nosHbIe KBaApaThl IO IEPEMEHHBIM X, V U Z:
AX*+2x+D)—4— (P’ +4y+d)+4+(2° -2z+1)-1=3, 1. .
4(x+1)> = (y+2) +(z-1)> =4. Pazgenum obe yacTu Ha 4:

(x+1? (y+2) (z-1)
2 T =1
1 2 2
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X
x! Puc. 15

4

BBegem HOByW CHUCTeMy KoOpauHaT ¢ HadaiomM B Touke O'(—1,-2,1),

MOJTYyYAIONIYIOCsl M3 CTapod MapalUieNbHBIM TiepeHocoM. [lomydmm, 9To B HOBOU
"2 "2 "2
)" _O) (&)
> T a2 T
2 2
MOCTPOCHHE IMOBEPXHOCTH C IOMOINBIO ceueHuid. B cedenun miockocteio X'O'Z'
"2 "2
()" (=)
12 + 22
coorBeTcTBeHHO Ha ocsax O'X' u O'Z'. B ceuennu miockocthio X'O'Y' monmyyaem
"2 "2
) _O)
1’ 2°
JCUCTBUTEIbHAS OCh JI)KHUT Ha ocu O'X’, IOJIyoCcH COOTBETCTBEHHO paBHbI 2 U 1. B
CeueHHH TIOCKOCThI0 Y'O'Z' nony4yaeM paBHOCTOPOHHIOIO TUIIEPOOIY C YpaBHCHUEM
"2 "2
), (&)
A
Ha ocu O'Z’, 00e momyocu paBubl 2. [y O0JbIICH HATTIAIHOCTH HAPUCYEM €Ille Ba
CeUeHMsI MJIOCKOCTAMHU TapajlieIbHbIMU TuIockocTH X'O'Z'. B ceyeHHsAX MOIyduM
SIUIMIICHI, TT0JI00HBIE Auuicy B mwiockoctd X' O'Z'. Tlo pacCMOTPEHHBIM CEUCHHSIM
MOXHO TpEJACTaBUTh cebe ¢opMmy THUnepObosonaa MW €ro pacrojoKeHHEe B
npoctpaHcTie (puc. 16).

CUCTEME IMOBEPXHOCTh 3a/a€TCsl YpaBHEHUEM =1. [Ipoussenem

MOJIY4YaeM BJUIUIIC C YPABHEHUEM =1. Ero nmonyocu paBHbl 1 u 2 u nexar

runepOoly ¢ ypaBHEHHEM =1. Ee muumas ock nexut Ha ocu O'Y', a

=1. Ee ManMas ock aexut Ha ocu O'Y', a 1eliCTBUTENBHAS OCh JIEKHUT

Puc. 16




2.6. 3ajauu 1J151 CAMOCTOSAITEJILHOTO PeLlIeHUs

3agaua 1. Haiftu yrinoBoil Kod(DPUIMEHT Kaka0Ml M3 MPSMBIX, KOTOpBIE
3aJlaHbl YpaBHEHUSAMM:

a) 2x—3y+1=0; 0) 6x+7y+2=0;B)3y—4=0; r) 5x-8=0.
3anaua 2. Halitu paccTtosiHME OT TOUKH A 110 npsamoit P.

a) A(2,6); —12x+5y+25=0; 6) A(-3,2); 8x—6y+5=0;

B) A(9,—1); 3x+8y—-4=0; r) A(5,13); 14x-2y+11=0.

3amaya 3. /laHbl KOoOpAMHATHI IBYX TO4YeK A, B W ypaBHeHue mnpsmou P.
CocTaBuTh ypaBHEHHUS NPSIMBIX, MPOXOASIIMX uyepe3 TOUKy A U 00pasyromux ¢
npsmoit P yron o = 45°. CocraBuTh ypaBHeHue npsamoil AB. Haiitu yron B mMexmy
npssMbIMUA AB u P.

a) A(12,6), B(0,11); 4x+5y+6=0; 0) A(-1,-4), B(6,1); x—5y+10=0;
B) A(3,-5), B(6,9); x+7y+2=0; r) A(3,4), B(4,-3); -5x+3y+3=0.

3anaua 4. /lanbl BepmnHbl TpeyroiapHuka ABC. HaliTu: Touky nepecedyeHus
€r0 BBICOT.
a) A(-2,3), B(-7,-3), C(4,-1); 0) A(-1,-3), B(1,2), C(5,1);
B) A(2,-1), B(4,7), C(5,2); r) A(1,0), B(-1,6), C(5,4).

3amaya 5. Jlansl BepmuHbl TpeyronbHuka ABC. Hailith ypaBHEHHS €ro
MEIUaH.
a) A(-2,3), B(-6,-3), C(4,-1); 0) A(-1,-3), B(1,3), C(5,1);
B) A(2,-1), B(4,7), C(6,1); r) A(1,0), B(-1,4), C(3,2).

3amaya 6. Jlamsl TOukMu A w B. HailTu ypaBHEHHE CEpPEIUHHOIO
NEepHeHANKYJIIsApa K OTpe3Ky AB.
a) A(-2,3), B(-6,-3); 0) A(-1,-3), B(1,3);
B) A(2,-1), B(4,7); r) A(1,0), B(—1.,4).

3agaua 7. Janel Ttouka M u Bektop 7. CocTraBUTh 00lllee ypaBHEHHUE
IJIOCKOCTH, TPOXOIAIIEH Yepe3 JaHHYIO TOUKY NEePIeHIUKYISIPHO TaHHOMY BEKTOPY.
a) M(7,-7,3); Bextop 7 (2,-2,5); 0) M(4,-3,8); Bextop 7 (—2,3,3);
B) M(10,7,1); Bextop 7 (—2,1,12); r) M(5,4,4); Bextop 7 (2,2,3).

3agaua 8. CoctaBuTh 0Olllee ypaBHEHUE IUIOCKOCTH, MPOXOASIIEH uepes
naHHble TOUku A, B,C. CocTaBUTh ypaBHEHHUS MPSMOM, IPOXOAlIEH yepe3 TOUKy A
MEPIEHNKYJIIPHO TOCTPOEHHOM miockocTu ABC.
a) A(2,0,1), B(4,1,3), C(5,1,0); 0) A(3,2,1), B(4,5,-1), C(3,1,0);
B) A(6,3,1), B(7,0,-2), C(3,3.,4); r) A(0,2,2), B(1,-2,5), C(5,1,3).

3amaua 9. /anbl Touku A, B u BexTtop S . COCTaBUTh ypaBHEHUS NpAMonl AB u
yYpaBHEHMs MPAMOMU, MPOXOJAIIEH dyepe3 TOUKY A MapaieIbHO BEKTOPY S ; HAUTH
yroJI MEKY 3TUMHU MPSMBIMHU.
a) A(5,0,1), B(2,3,—1);Bextop s (0,1,3);
0) A(2,-3,1), B(5,0,2);BexTop s (6,6,7);
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B) A(2,3,5), B(4,1,3);BexTop s (4,5,-6);
r) 4(0,4,0), B(2,-3,—1);BexTop § (5,-6,5).

3agaua 10. [[anbl 1Be IPOTHMBOIIOJIOKHBIC BEPIIMHBI KBaJpaTa, JICKAIIETO B
IUIOCKOCTH, TIPOXOAAIIeH dYepe3 Hadaso KoopauHaT. CoOCTaBUTh —ypaBHEHUS
JIUaroHaJIe KBajpara.
a) A(1;0,7),C(3451); 0) A(9;3;2),C(7;5;,-2);
B) A(4;4;5),C(1;-12); r) A(7;1;2),C(5-16).

3agaua 11. Jlansl npssMast ¥ TWIOCKOCTh. ONpenenuTh Yrojl MeKIy HpSIMOU H
IIocKocThI0. Hailitm Touky M mepecedeHus npsiMod W IIockocTH. CoOCTaBUTH
YPaBHCHHE IUIOCKOCTH, NPOXOJAMICH dYepe3 MaHHYI0 TNPSIMYI0 TMEepPICHIUKYIIPHO
JIAHHOM MJIOCKOCTH.

x+1_ y+21 z-1

a) 3 BT Sx+7y—z+4=0;
0) x2)—7:y;32245—2’ 3x+4y—-z+5=0;
B) x;—lzy_—7122g3’ x=3y+z+17=0;
T) ngZy:i4:§’ 4x+7y—z+7=0.

3amaua 12. IIpsmas 3agaHa Kak MepecevyeHue JABYX IUIOCKOCTEH, MPHUBECTH
YpaBHEHHMSI IPSAMON K KAHOHUYECKOMY BHITY.

) S5x+2y—-4z+7=0 6) X+2y+z-4=0
8x+3y+z-2=0 X+y+5z-6=0

5 —x+4y+5z-12=0 - 3x—4y—-z+1=0
3x+y+4z-3=0 4x+5y+2z-4=0

3apgaua 13. [{ausl Touku 4, B u minockocTh P. HallTu paccTosiHME OT TOYKHU A
1o miockoctd P. CocTaBUTh ypaBHEHHE IUIOCKOCTH, MPOXOISIIECH 4depe3 JaHHbIE
TOYKHU A, B NepNeHUKYISAPHO IIIOCKOCTH P.
a) A(5,-3,5), B(4,1,2); 2x—5y+z-10=0;
0) A(3,4,-2), B(8,5,0); —x+y+6z=0;
B) A(-1,-4,-3), B(2,0,7); x—y+5z—-15=0;
r) A(4,-3,-1), B(7,4,2); 2x—6y+z+6=0.

3amaua 14. /lana touka 4 m ABe muockoctu. HalTu yron Mexny AaHHBIMU
I0CKOCTAMH. COCTaBUTh YpPaBHEHHME IUIOCKOCTH, MPOXOMSIIEN uepe3 TOuky A
NepPHeHAUKYIIpHO o00euM 1uiockocTaM. CoCTaBUTh YpaBHEHHE IUIOCKOCTH,
MIPOXOASALIEN YEPE3 TOUKY A U IPSIMYIO IIEPECEUECHUS JaHHBIX INIOCKOCTEM.
a)A(1,1,4); 8x—y+z—-8=0, 3x+2y—-z+6=0;
0) A(-1,3,2); 7x—y—z+7=0, x+5y+z-10=0;
B) A(1,0,5); 2x+2y+z—-4=0, 3x+y—-2z+6=0;
r) A(0,2,1); 12x+y—-z+1=0, —3x+5y+z-15=0.

3amaya 15. CocTaBuUTh ypaBHEHHE OKPYKHOCTU B KaXKIOM W3 CIIEIYIOIIHUX
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CIIy4acB:
a) LEHTP OKPY>KHOCTU coBmagaer ¢ Ttoukoil C(1; —1) u mpamas Sx—-12y+9=0

ABIIETCS KACATEIbHOM K OKPYKHOCTH;

0) oKkpy>kHOCTh TpoxoauT depe3 Touku A(3; 1) u B(—1; 3), a ee LEHTp JECKUT Ha
npsMoit 3x—y—2=0;

B) OKPY>KHOCTb NpOXoauT uepe3 Tpu Touku A(1; 1), B(1; —1), C(2; 0);

I') OKPY>KHOCTB IPOXOUT Yepe3 Tpu Touku: Mi(—1; 5), Mr(-2; -2), M5(5; 5).

3agaua 16. CoctaBUTh ypaBHEHUS DJUIUICA, POKYCHI KOTOPOTO PACIOJIOKEHBI
Ha ocH a0cLHCC CUMMETPUYHO OTHOCUTENbHO Havasla KOOPJIMHAT, €CJIH JIaHbl:
a) Touka M;(2; —2) sniurnca u ero 60JbIas Mnoiayoch a=4;
0) Touku M;(4; —\/5) u My( 2\/5; 3) smnurca;
B) Touka M(2; —5/3) sanyurca u ero SKCIEHTPUCUTET e=2/3;
r) Touka M 1(—\/§ ; 2) DIUIATICA ¥ pACCTOSTHUE MEXKIY €Tr0 JupeKTpucamu, papHoe 10.

3agaua 17. CoctaBuTh ypaBHeHHE THNepOoIbl, (POKYChl KOTOpOH JiekaT Ha
ocu abcuKce CUMMETPUYHO OTHOCUTENIBHO Hayana KOOpAUHAT, €CIIH JaHbI:

a) Touka M (-5; 3) runepOobl U SKCIIECHTPUCUTET =2 ;

2
0) Touka M;(9/2; —1) runep6obl ¢ ypaBHEHUSI ACUMIITOT y =+ —X;

3

4
B) Touka M;(—3; 5/2) runep0o0ibl U ypaBHEHUS AUPEKTPUC X = ig;

3
') ypaBHEHUS aCUMIITOT ) = izx Y YPaBHEHHUS JUPEKTPUC X = i? :

3apaua 18. CocTaBUTh ypaBHEHHE MMapalO0JIbl, BEPIIMHA KOTOPOH HAXOIUTCS B
HayaJie KOOpJAUHAT, 3Hasl, YTO:
a) nmapaboJia pacrojoKeHa CUMMETPUYHO OTHOCUTENIBHO oc OX U MPOXOAUT Yepes
Touky A(9; 6);
0) mapaboia pacnoyiokeHa CUMMETPUYHO OTHOCUTEIBHO ocu OX U MPOXOAUT yepes
Touky B(—1; 3);
B) mapaloJia pacnoyiokeHa CUMMETPUYHO OTHOCUTENIbHO ocu OY U mpoXoauT uepes
touky C(1; 1);
r) napaboja pacrnojokeHa CUMMETPUYHO OTHOCUTENBbHO ocu OY U MpOXOAMT uepes
Touky D(4; —8).

3amaya 19. Kakue reomerpuueckue 00pa3bl ONPENESIOTCS CIEAYIOIMUMU
ypaBHEHUSMU:
a) 8x* —12xy +17y* +16x—12y +3=0;
6) 17x* —18xy—7y* +34x-18y+7=0;
B) 2x” +3xy—2y" +5x+10y =0;
r) 6x° —6xy+9y° —4x+18y +14=0.

3amaua 20. Kakue reomeTpuueckue 00pa3bl ONPESTSIOTCS CISAYIOINIMMU
ypaBHEHUSMU:
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a) X’ +4xy+4y* +4x+y—15=0;
6) 9x° +24xy+16y* —120x+90y =0;
B) 4x" +4xy+y° —12x -6y +5=0;
r) x° —6xy+9y* +4x—12y+4=0.
3agaua 21. OnpenenuTs KOOPAUHATHI LIEHTPA U PaaRyC Chephl:
a) X+ +2°—12x+4y—62=0;
6) x>+ +2° +8x=0;
B) X°+y° +2° —2x+4y—62z-22=0;
r) x’+y +z°—6z-7=0.
3agaua 22. OmnpenenuTh paclojOXEHHE TOYEK OTHOCUTEIBHO cdepsl
(x—=1D*+(y+2)° +(z—1)*=49:
a) A(3,0,4); 0) B(3,5,0); B) C(3,4,4); r) D(5,4,6).
3agaua 23. Omnpenenutb pacnoyioKEHUE MIOCKOCTEH OTHOCUTENBHO cdephl
(x—=1)°+(y—2)* +(z—4)* =25:
a) 2x+2y+z+2=0; 0)2x+2y+z+5=0;
B) 2x+2y+z+11=0; 1) 2x+2y+z-10=0.
3angaua 24. CocTaBUTh YpaBHEHHUE:
a) KoHyca ¢ BepuinHoil B Touke S(5; 0; 0), o6pa3yromine KOTOporo Kacarorcsi cepsl
x'+y +z°=9;
0) UWIMHApA, OIHCAHHOTO OKoJo JABYX cdep: (x—2) +(y-1Y+z"=25,
x>+ y° + 27 =25;

2 2

. X
B) MOBEPXHOCTH, 0Opa30BAHHOW BpallleHUEM dJUIUIICA 1—+y—=1, z=(0 BOKpyT ocu

ox;

2 2
X

. z
I') IOBEPXHOCTU, 00pa30BaHHON BpallEeHUEM TUIIEPOOIIbI Ty =1, y=0 Bokpyr ocu

OZ.
3apmaua 25. Kakue MoBepXHOCTH ONPENEIAIOTCS CAEAYIOIMMHA YPAaBHEHUSMH:
a) 4x’ — ) +4z° —8x+4y+8z+4=0;
0) X*+z°—4x—4z+4=0;
B) X'+’ —2z" =2y+2z=0;
r) x4+’ —6x+6y—4z+18=0.
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2.7. OTBeTHhI
31 11

2 6 31 15
1. a) —; 6) ——; B) 0; 1) He cymecTByeT. 2. ) —; 0) —; B) —7—; I) —F.
) 3 ) - ) ) YIIECTBY ) 3 ) 10 ) o ) W)

2
3.a) Ox+y=114, x-9y=42, 5x+12y=132, ﬂzarctgé; 0) 2x+3y=-14,
3x-2y=5, 5x-7y=23, ﬂzarctg%; B) 3x—-4y=29, 4x+3y=-3,

101
14x -3y =57, ﬂzarctg%; r) 4x+y=16, x-4y=-13, Tx+y=25,

81 31 117 41 21
ﬁ—arcth. 4. a) ( 14’28)’ 0) (_ﬁ’_ﬁ)’ B) (2;-4); 1) (1;0).
5.a) 5x+y+7=0, 4x-T7y+3=0, x+8y+4=0; 0) Sx-4y-T7=0,
4x+y-7=0, x-5y=0; B) 5x-3y-13=0, x—-4=0, 2x+3y+-15=0;
r) x—1=0, x+y-3=0, y-2=0. 6. a) 2x+3y+8=0; 6) x+3y=0;
B) x+4y—-15=0; r) x—-2y+4=0. 7. a) 2x—-2y+5z-43=0;
0) 2x—-3y-3z+7=0; B) 2x—y—-12z—-1=0; r) 2x+2y+3z-30=0.

x-2 'y z-1

8.a)3x-8y+z-7=0, 3 R 0) Sx—y+z—-14=0,
S e W V0 IS PO PN S ek Pl S
5 -1 1 3 -2 3
) x—14y+192-10=0, =2 "2 272 g x> v _z-l x=5_»_z-1
1 -14 19 -3 3 2 0 1 3
-2 3 -1 -2 3 -1 4
arccos(—i); 0) al _YFO Lz , al P , arccos—3; B)
255 3 3 1 6 6 7 11419
x—2:y—3:z—5’ x—2:y—3:z—5’ ArCCOS 5 - x_y-4 i)
1 -1 -1 4 5 -6 V231 2 -7 -1
-4 -1 — -2 -2 -4
*_r-/z =£, arccos 4 . 10. a) r Y Z 7, rc_ ) _z ;
5 -6 5 6+/129 1 2 3 17 20 19
) x—9:y—3:z—2’ x—8:y—4:i; B) x—4:y—4:z—5)
1 -1 2 11 7 -2 3 5 3
x-2,5 y-15 z-3,5 M x=7 y-1 z-2 x—6_1_z—4
9 39 74 1 1 -2 19 1 10
424 4 12
11. a) arcsin 23 , ( ,—33 ,— 6), 3x—y+8z—-26=0; 0) arcsin 1 ,
5337 237 237 23 J1066
41 12
-7,—,——), 8x—5y+4z+79=0; B) arcsin 34 , (—7—3,7—3,1),
11" 11 V1474 17 17 17
1
I1x—y—-14z+54=0; r) arcsin 33 , (—S,Lo,ﬁ), 31x-20y—-16z+528=0. 12.
V2706 33 33
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x YT T x Y79 "9, x _y-3  z
a) = = ) = = . B) = == .
14 =37 -1 9 4 -1 11 -11 -13
2 11
r)f—y+3—2_3 13. a) 30, I1lr+5p+3z-5520: 6) —
3710 31 ’ 7 ’ Nerh
2x—16y+32464=0:  B) = 30x—5y-7z-11=0: 1) =
2 \/g) 2 \/ﬂ)
21
25x+3y—-32z-123=0. 14. a arccos , x—11y—-13z+62=0,
4 ) 24231 4
1
53x—7y+10z-86=0; o arccos , x—2y+9z-11=0,
y ) o7 y
2
115x+53y+17z-78=0; B) arccos—, Sx—=T7y+4z-25=0,
y 7 y
32
Ilx+5y—-5z+14=0; T) arccos , 2x—=3y+21z-15=0,
4 J5110 4

2lx-7y—z+15=0. 15. a) (x-1)’+(y+1)’=4; 6) (x-2)+(y—4)°=10;
B) (x—1)’+y°=1;1) (x-2)"+(y—1)>=25.16.2) x> +3y° =16;6) 3x> +4y> =60;

2 2 2 2 2 2 2 2

X Y X Y 22 Xy Xy
B) —+—=1;1) —+—=1.17.a) x -y =16, 6) ———=1; B) ———=1,
)5 ) 15776 ) Xy )18 3 ) 775
%—16y2—1-r)x—2—y—2—1 18.a) y’=4x;6) y’=-9x;B) X’ =y;1) X’ =-2
61 305 16 9 oYY 0y ’ Vs Y.

19. a) snuric; 6) runep0Ooiia; B) ABE MEPECEKAIOIINECS MPSIMbIE; T) MHUMBIN JILTHUIIC.
20. a) mapabona; 6) mapabosa; B) IBe MapajuieibHbIC MPSMbIC; T') IBE€ COBMAAIONINE
npsmeie. 21. a) 0(6,-2,3), R=7; 6) O(-4,0,0), R=4; B) 0O(1,-2,3), R=6; 1)
0(0,0,3), R=4. 22. a) BHyTpH; 0) CHapYyXH; B) NPUHAIJICKUT; T') CHaApYykH. 23. a)
nepecekaeT; 0) kacaeTcs; B) HE IIepeceKaer; TI) TMepeceKkaeT U SBISETCS
nuaMeTpanbHOi.  24.a) 9(x—5)> +16y> =162 =0; 6) x* —4xy+4)° +52° =125;
2 2 2 2 2 2
B) x—+y—+z—:1; r) LI AT
16 9 9 16 16 9
B) KOHYC; I') KpyroBOil mapaboJiouns.

25. a) xonHyc; 0) KpyroBo IHMIHUHID;
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3. AJI'TEBPA MHOI'OYJIEHOB
3.1. KommiekcHblie Yucaa

Onpenenenne. Muumoii edunuyeri Ha3pIBAETCA TAKOE YUCIIO i, 9TO i =—1.

Onpenenenue. Beipaxenne a+bi, rne a u b neiicTBUTENbHBIC YACTA U | —
MHUMasi  €IMHWIA, HA3bIBACTCA  KOMMIEKCHbIM  YUCIOM, 3alMUCaHHBIM B
aneebpauveckoul gopme. 3A€Ch YUCIO a HA3BIBACTCS OelicmeUmenbHol 4acmoio, a
qucno bi — MHUMOU Yacmbio KOMIUIEKCHOTO YHCIIA.

Nmerorcs ob6o3nauenus Re m Im. Eciim z=a+bi, To Rez=a, a Imz=>.
KomrmutekcHoe 9ncino, y KOTOporo b paBHO HYJIIO, SIBISETCS JACHCTBUTEIBHBIM, a Y
KOTOPOT'O0 a PaBHO HYJIIO, HA3BIBAIOT YUCHO MHUMBIM.

KommiekcHoe uucno z=a+bi paBHo 0, ecnmu a=0 u b=0.

Komnnekcusle uncna z=a, +bi u z=a, +b,i paBHbl, ecii a, =a, U b, =b,.

[lonatus Oonpllle W MEHbBIIE K KOMIUIGKCHBIM 4YHCIIaM, BOOOIIE TOBOPS,
HENPUMEHUMBI, TIOCKOJIBKY CpaBHEHHE Ha MHOXECTBE KOMIUJICKCHBIX YHUCEI
yIOBJIETBOPUTEIHLHO BBECTH HENH3I.

Onpenesenue. i1 KOMIUIGKCHOTO 4YHUCHA Z =a+bi KOMIUIEKCHOE YHCIIO
z =a — bi Ha3BIBACTCS KOMNJIEKCHO CONPANCEHHBIM.

Onepanun HaJI KOMILUIEKCHBIMH YMCJIAMU B ajiredpanyeckoii popme
Cnoxenue: (a+bi)+(c+di)=(a+c)+(b+d)i.

Boruurtanue: (a+bi)—(c+di)=(a—c)+(b—-4d)i.

YMHOXKeHHe: (a+bi)(c+di)=(ac—bd)+ (ad + bc)i B YaCTHOCTH,

. . 2 2
(a+bi)a—-bi)=a"+b", T. e. MPOU3BEACHUE COMPSIKEHHBIX KOMIUICKCHBIX YHCEI
€CTh JEHCTBUTEILHOE HEOTPULIATEIIHHOE YHCIIO.

Jlenenue:
a+bi_(a+bi)(c—di)_(ac+bd)+(bc—ad)i_ac+bd+bc—adl_
c+di  (c+di)c—di) c?+d? c+d* +d

Traccu d He O6paH_IaIOTC5I OJHOBPEMCHHO B HOJIb.

OHepaI_II/II/I HaJd KOMIINICKCHBIMHU 4YHCJIaMHU O6JlaI[aIOT TEMHU K€ CBOMCTBAMU
(KOMMYTaTI/IBHOCTB, aCCoOOMaTNBHOCTD, I[I/ICTpI/I6YTI/IBHOCTB u T.I[.), qyToO H
HCﬁCTBHTeHBHBIe. M3 cBoiicTB onicpanui KOMIIJICKCHOI'O COIIPAXKCHUSA OTMCTHUM:

Z,+z,=2+2,,22,=2+2,, Z=2.
I'eomeTpuyeckasi HHTEPNIPeTALUS

[TycTh maHO KOMIUIEKCHOE uYucio z=a+bi. Ha xoopaumHaTHOW IMIOCKOCTH
(puc. 17) MOXHO TOCTaBUTh TOUKY ¢ KoopauHatamu (a,b). Ilomydaercs croco6
3aJIaHAs B3aUMHO-OJTHO3HAYHOT'O COOTBETCTBHUS MEXIY KOMILICKCHBIMUA YHCIIAMH H
TOYKaMU TUIOCKOCTH. 3alUCh Z =a + bi WCIOJIB3yeT JIeKapTOBbI KOOPAMHATHI TOYKH,
COOTBETCTBYIOIIEH dToMy uyuciy. IlonokeHne TOYKM Ha TUIOCKOCTH BITIOJIHE
OTIpeIeISICTCS TaK)KEe 3aJIaHUEM €€ TOJISIPHBIX KOOPJIWHAT: PACCTOSHUS 7 OT Hadalia
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KOOPpAWHAT A0 TOYKHU U yIJlda ¢ MCKAY IOJIOKUTCIbHBIM HAIIPABJICHUCM OCHU a6CHI/ICC
M HAIIPABJICHUCM H3 Ha4YdJIld KOOPAWHAT HA 3TY TOYKY.

A
P .
0 a x
Puc. 17

Yucno 7 sBIsSETCS HEOTPUIATEIbHBIM JEHCTBUTEIbHBIM YUCIOM, IPUYEM OHO PABHO
HYJIO UG A1 Touku 0. J{71s1 KOMIUJIEKCHOTO YHMCIa, JIEKAIIEro Ha IeMCTBUTENbHON
ocH (T. €. ABJISAIOUIETOCS EHCTBUTENBHBIM), YMcI0 ¥ Oyner ero MmoayneM. Ilostomy
F  Ha3bplBalOT MOOyleM KOMIUIEKCHOIO 4YMcla Z U 0003HAayarorT ‘z‘ Yron ¢

Ha3bIBAIOT ap2ymMeHmoM KOMIIUICKCHOIO 4YHClla Z U 0003Ha4aIo0T arg z . Vron ®Q

MOXET MPUHUMATH JItOObIEe EHUCTBUTEIbHBIC 3HAUCHUSI, KaK MOJOXKHUTEIIbHBIC, TaK U
oTpuuarenabHble. [10JI0KUTENBHBIE YIIIbI OTCUUTHIBAIOTCS IPOTUB YACOBOM CTPEIIKH, a
OTPULATENIBHBIE — O YacOBOW. Ecid yriibl OTIIMYAKOTCA APYr OT APYra Ha 4YMUCIIO,
KpaTHOE€ 277, TO COOTBETCTBYIOIIME UM TOUKHU IJIOCKOCTH coBHanaroT. [loatomy u3
PaBEHCTBA IBYX KOMIUIEKCHBIX YHCEN CIEAYET, YTO UX MOAYJIM PaBHbI, & ApTYMEHTHI
OTJIMYAIOTCS APYT OT APYyra Ha YMCIO0, KpaTHOE 277 . APryMEHT HE ONpEAEsCH JIUIIb
101t yrcna 0, HO 3TO YUCJIO0 BIOJIHE ONPENETSAETCS pABEHCTBOM ‘0‘ =0.

Tpuronomerpuyeckas M noxkaszarejbHas Gopmbl

MC)KJIy ACKAPTOBBIMHU U TIOJIPHBIMH KOOPpAHWHATAMH HMMCCTCA CJIICAYIOIIasd

b

. 2 2

OUYEBHIHAS CBSI3b: a =rCOSQ, b =rsing, u HA00OPOT, ¥ = a~ + b, ¢ = arctg— npu
a

T :
az0 u ¢@= By mpu a=0. Torma BMecTo z=a+bi MOXHO HamucaTh

z=r(cosp+ising). Takas 3anuch HA3BIBACTCS MPUSLOHOMEMPUUECKOU (HOPMOT
KOMIUIEKCHOTO uKclia. J{Jis 0JJTHO3HAYHOCTH MHOTa IoroBapuBaroTcs, yto ¢ €[0,27)
(wHOTHA, uT0 @ € (—7,7]). Ecim yuects dopmyny Ditnepa €'’ =cos@ +ising, 1o
noayunM z=re”. Takasd 3anuch Ha3BIBACTCA  NOKA3AMENbHOU  (OpMOI
KOMIIJIEKCHOTO YHCIIA.

[lepeMHOXXHMM J1Ba KOMIUIEKCHBIX 4YHCJIAa B TPUTOHOMETPHUUYECKOU (QopMme:
2+ 2, =1(cosg +ising,) - 1,(cos @, +ising,) = 1,7, (cos(p, +¢,) +isin(@; +¢,)).
Takum 00pa3oM, Mpu YMHOKEHNUH KOMILIEKCHBIX YHCEINl UX MOJYJIH MEPEMHOKAIOTCS,

a APTr'YMCHTBI CKJIaAbIBArOTCA. AHaJIOTHYHO caciaacm C JACJIICHUCM

A .
Z—l = r—]((:os((o1 —@,)+isin(¢, —¢,)), ¥ TOTYy4YUM BBIBOJ: IIPU JECIECHUN KOMIIJIEKCHBIX
2 2
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gucel UX MOJYJIHU JENATCS, a apryMEHThl BblUMTarOTCs. Omnepamus Mpou3BeIeHUs
KOMIUIEKCHOTO YHCJIa B TPUTOHOMETPHUUECKON (popMe caMoro Ha ceOsi HECKOJIBKO pa3
JIACT pe3ynbTaT, Ha3bIBaEMBbIN hopmynoi Myaspa:
z" =(r(cos@+ising))" =r"(cosne +isinng),

T. €. TP BO3BEJCHUM KOMIUJIEKCHOTO YHCJIa B CTENEHb MOJYJIb BO3BOJMUTCS B ATy
CTEIEeHb, a ApTYMEHT YMHOKAETCsl Ha MOKa3aTellb CTETICHHU.

N3Bnedyenue KOpHs 7-il CTENEHU U3 KOMIUIEKCHOTO YHCa Z BCETJa BO3MOXKHO
U JJaeT 1 Pa3IuYHbIX 3HAUCHUMN:

4z = dr(COS(p +ising) = 4y - (COSM + isinM) ,
n n

rie k=0,1,2,..,n—1. Bce 3HaueHuss KOpHS #n-i CTENEHH PACIOJIOKEHBI Ha

OKPYXHOCTH paguyca 7 Z‘ C OCHTPOM B Omn ACIAT 3Ty OKPYXHOCTBb Ha 71 PAaBHBIX

YacTeu.
3.2. MHOrOWIeHbl U pallMOHAJIbHBIE IPOOH
Onpeneaenne. Boipaxenne f(x)=a,x"+ax"" +..+a,Xx+a, HasbiBacTCs

MHOo204NeHOM (NOIUHOMOM) CTEIICHH 1 OT HEU3BECTHOM X.
Onpenenenue. Koprem MHOTOWICHa f(X) Ha3bIBaeTCS TaKOE YHCIO C, YTO

f(c)=0.

Teopema (besy). OctaTok OT HAelieHHs MHOrowleHa f(x) Ha X —C paBeH

f(©).

Teopema (Ocrosnas meopema aneebpwvi). Beskuih MHOTOUYJIEH C JTIFOOBIMU
YHCIOBBIMU KOX((HUIIMEHTaMH, CTETIEHb KOTOPOTO HE MEHBIIIE €IUHUIIBI, UMEET XOTs
OBl OJTMH KOPEHB, B O0IIEM CITydae KOMITJICKCHBIMA.

CaeacrBue. Jlnga mo0oro MHorouseHa f(x) CTeNeHW 7 CYIIECTBYET

pasnoxenue f(x)=a,(x—a,)(x—a,)..(x—a,), €OJUHCTBEHHOE C TOYHOCTBIO [0
HOopsIKa MHOXKUTENEH, rae a,,4,,d,,...,d, B OOILIEM Cllyyae KOMIIJIEKCHBIE.

CaencrBue. Beskuii MHOTOWICH cTenieHu 7 (1 > 1) uMeeT n KopHEH, B 001meM
Clly4ae KOMIUIEKCHBIX, €CJIM KaKIbl KOpPEHb CUUTATh CTOJIBKO pa3, KaKoBa €ro
KpaTHOCTbh. (KpaTHOCTH KOPHS MOKHO TIOHMMATh KaK KOJUYCCTBO BXOXKICHUH KOPHS
a, B paznoxenue f(x)=a,(x—a)(x—-a,)..(x—a,).)

CaencrBue. KoMIIJIEKCHBIE KOPHU BCSIKOTO MHOTOWICHA C JICHCTBUTCIIBHBIMU
K03 (pUIMEHTAMH TIOTTAPHO COTPSIKECHBI.

CaencrBue. Bceskuii MHOTOWICH ¢ JACHCTBUTEIBHBIMH KO3 UIIMEHTaMU
CTETIeHU OOJIbIIIe, YeM BTOPOU pas3iio’KUM Ha MHOXKUTENH CTENIEHU He 0ojiee BTOPOH ¢
JICHCTBUTEIBHBIME KO3 duimeHTamu. [Ipu 3TOM JIMHEHHBIE MHOXUTEH BUIA X — d
COOTBETCTBYIOT JCHCTBUTEIBHBIM KOPHSAM ( MHOTOWICHA, a MHOXUTCIH BHJA

x> +bx+c (D<0) coOTBETCTBYIOT TIapaM CONPSAKEHHBIX KOMIUIEKCHBIX KOPHEii.
Onpenenenue. Payuonanvroti 0pobvio Ha3bIBaeTCs IPOoOb, B YHCIUTENIE U
3HaMEHaTeJIe KOTOPOU CTOSIT MHOTOWICHBI.
Onpenenenue. PammoHanbHas ApoOb Ha3bIBACTCS NPAGUILHOLU, €CIH CTETICHD
MHOTOWICHA B YHCIWTEJIC MEHBIIE CTENEHW MHOTOWICHa B 3HAMEHATelle, W
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HenpasuibHol — NHAYE.

MoxHO J0Ka3aTh, 4YTO BCSKas HEMpaBWIbHAS palMOHANbHAS JIPOOb MOXKET
OBITH MpeJCTaBlicHa B BUJIE CYMMBbl MHOTOYJIEHa U MPaBWIHHOW pallMOHAIBHOM
JpoOHu.

Onpenenenue. IlpaBuiibHas panuoHanbHas ApoOb HA3BIBACTCS npocmeuiulel,
€CIM B €€ 3HaMeHaTele CTOUT HaTypajbHas CTENeHb NpUBEACHHOro (T. €. ¢
eIUHUYHBIM KO3 (PUIIMEHTOM TIPU CTapIieM WICHE) HePa3JIOKUMOr0 Ha MHOXKHUTEIIH
MHOTOYJICHA.

Belmie yTBepKIa1och, YTO BCAKUH MHOTOWICH CTEIICHHU, BBIIIE BTOPOM, MOKHO
pPa3lIokKUTh HAa MHOXHMTEIM CTENEeHH, HE BbIIIE BTOpOU (Bce KOAD(UIIUEHTHI,
€CTECTBEHHO, MPEANOJaraloTcs A1eHCTBUTEIbHBIMU ).

[Ipocreiimue aApodu AeniTcsa Ha CAeAYIOLUe YEThIpe THUMA:

A
1. ;
xX—a

A
2. —— (aeN, az2),

(x—a)

Bx+C
3. ——— (auckpumunanT 3Hamenarens D <0);
X +bx+c

Bx+C
) 2
(x +bx+c)
MOXHO JT0Ka3aTh, YTO BCSAKYIO TMPaBWIBHYIO pallMOHAIBHYIO JIPOOb MOXKHO
Pa3OKUTh B CYyMMY MPOCTEHIINX, TPUYEM €AMHCTBEHHBIM 00pa30oM (C TOYHOCTHIO

710 TIEPECTAHOBKH CJaraeMbIXx).
AJITOPUTM 3TOTO PA3JIOKEHUA CICAYIONIUM:

7 (muckpumnHaHT 3HameHatest D <0, fe N, f22).

1. Paznoxxuth 3HaMeHATEIb HA MHOXKXUTEIIH.

2. PaznoxuTth paHHyro [poOb Ha CyMMYy TpOCTEHIIMX Jpobed ¢
HeonpeaeaeHHbIMU KOG (UIIMEHTaMH B YHUCIMTENSAX TaK, YTO MHOXHUTEISAM

3HameHatens Buaa (x—a)” (T. €. a — KOPEHb 3HAMCHATENsS CTCICHH )

m

A
—*— (m=L2,..,a), tne 4, —

COOTBETCTBYIOT « MNpOCTeHImuX apobed BHuaa )
xX—a

D) B
HCHU3BCCTHBIC IIOKAa 4YHCJId, 4 MHOXUTCIIAIM BHAA (X +bX+C) (SJICCB MHOT'OYJICH

2 V) 9 )
x“+bx+c HEe HMEET ACUCTBUTCIIBHBIX KOpHeI/I) COOTBCTCTBYIOT ﬂ MMPpOCTCUIIN X

. Bx+C
npo0eii Bua - *— (n=L2,..,8), tne B, n C, — Takke HEU3BECTHBIC TI0Ka
2
X +bx+c
qHca.
3. Jlua HaxOoXACHUS HEU3BECTHBIX KOAI(PPHUIIMEHTOB HAJO0 NPAaBYK YacTh

HCKOMOTI'O PAa3JIOKCHHUA IIPHUBCCTHU K 06H16My 3HaMCHAaTCIIIO (I/IM JOJDKCH ITOJTYUYHUTBCA
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M3HAYaJbHBIM 3HAMEHATEIh).

4. MoxHO J0Ka3aTh, YTO JIBa MHOrouleHa paBHbI (B (PYHKIHMOHAIBHOM
CMBICII€) TOT/Ia M TOJIBKO TOTJa, KOT/a paBHbI KO3(PQUUMEHTH NpU OAMHAKOBBIX
CTeneHsX X (T. €. KOrJjJa MHOTOWICHBI paBHbI B alireOpanyeckoM cMmbicie). [loatomy y
MOJIYYMBIIETOCS B YHUCIUTENE MHOTOWIEHA M Y MHOTOWIEHAa B HW3HAYAJIBHOM
YUCJIUTENE MPUPABHUBAIOT KOA(PGULMEHTHI NPU OJMHAKOBBIX cTeneHsx x. [Ipu aTom
MOJIy4aeTcsl CUCTeMa JMHEHHBIX anredpandyeckuxX ypaBHEHHUH, y KOTOPOM YHUCIO
ypaBHEHUI [OJDKHO (€CiIM BCE CHENAaHO IPaBUIBHO) COBMNAJaTh C YHUCIOM
HEWU3BECTHBIX.

5. PemmTh mNoOdaydyeHHYIO CHCTEMY YpaBHEHHHl (eciauM BCE CHAENIaHO
MPaBUIBHO, TO METOJ] TAPAHTUPYET, YTO PEIICHHUE CYIIECTBYET U €IUHCTBEHHO).

6. IloacTtaBuTh HaMJICHHBIC YKCaA B Pa3I0KCHHUC HA CBOU MCCTa.

3.3. Pemienue 3a1a4 Ha MHOTO4JI€HbI
IIpumep 1. [lepeMHOXUTH KOMIUIEKCHBIE yucaa (2 + 3i)(3 —4i).

Pemenne. (2+3i)(3—4i)=6+9i—8i—12i> =6+i+12=18+i.

IIpumep 2. BeINoJHUTE AeneHUE §+jl .
—4i
2+3i (2+30)3+4i) 2+9i+8i+12i° 2+17i—12
Pemenue. - = : == = = =
3-4i (3-4i)(3+40) 9-16i 9+16
_ZIOHITE o 440,681,

25
Ipumep 3. Pemuts ypasHenue z° —4z+5=0.

s
Pemenne. D=16-20=—4, o S

IIpumep 4. Haiitu xopHU =i,
Pemenne. Tak kak —i=0—1i, 170 a =0, b=—1, r=4/0° +(=1)> =1,

cosp =0

{ . ¢ . T.e. ¢ =37 /2. Torna —i =cos(37/2)+isin(3x / 2). CnenoBaTenbHO,
sing =—

J—i = cos—?m /2+2mk + isin—3ﬂ /2% 27k ,tie k=0,1,2.

Ipu k =0: =i =cos(z /2)+isin(x /2)=0+i=i.
Tlpu k =1: 3/—_1'=cos(77r/6)+isin(7ﬁ/6)=—§—%.
Tpu k=2 3/—_1'=cos(117r/6)+isin(117r/6)=§—%.
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IIpumep 5. PaznoxuTh panuoHaIbHYIO IpOOh

X=X —6x +2x* +9x+1

X =2x +2x=3x+2

Ha [pocTenue.
Pemenune. Pa3nennmM uncnurens Ha 3HAMEHATENb YTOJIKOM:

X=X -6 +2x7 +9x +1 ¥ =2x +2x" =3x+2
x® —2x*+2x° - 3x7 +2x x—1

x4 2x" =8 +5x7 + Tx +1

—x°4+2x° =2x*+3x-2
2x* —10x° +7x* +4x +3

x°—x° —6x +2x° +9x+1=x_1+2x4 —10x° +7x° +4x+3‘
x'—=2x +2x7 —3x+2 x'—=2x +2x7 —3x+2
3HaMEHAaTeIb HA MHOKUTENIN: x° —2x° +2x° —3x+2=
=X +x° =3x =3x+2x" +2=x"(xX" +1) = 3x(x* + 1)+ 2(x*> +1)=
=(x>+ 1) =3x+2)=(x* +1)(x’ —x—2x+2) = (" +D)(x(x* =)= 2(x—1)) =
= + D) =D x+1) - 2(x—D) = +D)(x - +x—2) = (x> + D(x = 1)*(x +2).
2x* —10x° +7x° +4x+3 _
x'—=2x +2x* =3x+2
_2xP =100 +7x° +4x+3_ A4 B C  Dx+E_
B 2 2 B + + 2 + 2 B
x+2)(x=D"(x"+1) (x+2) (x-1) (x-1)° x"+1
_AGx =1’ + D)+ B(x+2)(x = D)(x* +1) + C(x+2)(x* +1) +(Dx+ E)x +2)(x —1)* _
(x+2)(x =1 (x* +1)
_ (A+B+D H24+B+C+EY¢ +2A4—B+2C-3Dp H-24+B+C+2D-3E)x+HA—2B+2C+2E)
- (217 (2 +) '
HpI/IpaBHI/IBaSI KOB(i)(i)I/II_II/ICHTBI InIpu OJAHWHAKOBLIX CTCIICHAX X H3 HAYAJIbHOTO H
KOHEYHOI'O ‘IHCJIHT@JICﬁ, IMOJIy4acM CUCTCMY:

[Tomyunm: Paznoxum

Torna paznokeHue N0JKHO UMETh BU:

A+B+D=2 A=3
—2A+B+C+E=-10 B=-2
2A-B+2C-3D =7 & C0=1
—2A+B+C+2D-3E =4 D=1
A-2B+2C+2E=3 E=-3.

X=X =6 +2x* +9x+1

Takum oOpazom,
X —2x +2x° =3x+2
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3.4. 3agaum 1J151 CAMOCTOSAITEJILHOTO PellleHUsl

3anava 1. BeluuciauTe BeIpaXKeHUs:

a) 2+DB-i)+(2+3)(3B+40); 0) Q+)B+7i))—(A+20)(5+3i);
B) (1+3i)(82—i); " (2+i)(4+i)'
(2+190) I+

3anava 2. Peminth cucTeMy ypaBHEHUN:
(A+Dz +(-i)z,=1+i 5 izy+(1+0)z,=2+2i
(A-i)z, +(1+i)z, =1+3i’ iz, +(3+2i)z, =5+3i’

5) (1-i)z, -3z,=— D 2z, —(2+i)z, =1
2z, —(3+3i)z, =3-i’ (4-2i)z,—5z, =—1-2i

3anaua 3. Pemunth ypaBHEHUS:

a) z° =—4; 0) z° +iz=0;

B) z°+2z+5=0; r) 5z -2z+2=0.
3anaua 4. Pemunte ypaBHEHUS:

a) z° =i 0) z* =3—4i;

B) 22— 5z+4+10i=0; r) z°+(2i—-7)z+13-i=0.
3anaua S. Hailitu Tpuronometpuyeckyro Gpopmy uucia:

a) 5; 0) i; B) —2; r) —3i.

3apaua 6. Haiitu Tpuronometpuyeckyro Gpopmy uucia:

a) 1—i; 6) —1+i3: B)l+i?; r) 1-(2++/3)i.

3anavya 7. BeluuciauTh BbIpaXKEHUS:

V3 i 3 +i

2) (1+0)™; 6) 1+i3)*; ) 1+ L4 by B
2 2 1—1

3anaua 8. 3anucath B asiredpandeckoi popme 371eMEHThI MHOXKECTBA!
a) 1 6) Vi B) Y4 ; r) §-27.
3agaua 9. Pa3genuth ¢ OCTaTKOM:
a) x" —2x’ +4x> —6x+8 Ha x—1;
6) 2x” —5x° —8x Ha x +3;
B) 3x" +x* —19x* —13x—10 ma x - 2;
r) x*=3x’ —10x* +2x+5 Ha x +2.
3agaua 10. Onpenenutsb KPaTHOCTh KOPHSI MHOTOWIEHA:
a) x° —5x" +7x° - 2x* +4x-8; x=2;
6) x°+7x* +16x° +8x* —16x—16 Ha x = -2;
B) 3x" +2x* +x’ —10x -8 Ha x =—1;
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4 2
r) X —6x" +2x° +36x> —27x—54 Ha x=3.
3agaya 11. Pa3ngoxuTth Ha  MHOXHUTEIM C  JICUCTBUTCIBLHBIMH
KoappurreHTamMu:

a) x" +x* —6x-8; 0) X’ =3x"+4x-2;
B) x* +3x’ —12x> —13x—15; r) x —2x" —5x+6.
3amava 12. Pa3ioxuTh Ha CyMMY NPOCTEUIINX:
2) 4x—-57 : 6) 8x ;
(x—6)(x+5) (x—D(x+3)
5) x+14 r 8x+1
X’ +3x—4" X’ —x-6
3amava 13. Pa3ioxuTh Ha CyMMY NPOCTEUIINX:
. 5x°+2x° +Tx -2 G Bx+8
(X +2)(x° +x+1) x*+10x* +9’
xt+2 _ X +2x+1
B) —————; r) ———.
x(x—1) x(x+1)
3anaua 14. Pa3ioxuTh Ha CyMMY NPOCTEUIINX:
x’ 1
a : 0 ;
) x*-16 ) x*+4
X 1
B ; r :
) (x+D(x*+1)° ) (x*=1)°
3.5. OTBeTHI
13 1
1. a) 1+18i; 6) 4i; B) 5+i; 1) 73+5i. 2. a) (i;1+0); 6) (2;1-0); B) I;
2+i)c—i : .
T) (T;C) , TIme ¢ — Imoboe KomIuiekcHoe uyucio. 3. a) +2i; 6) 0; —i;

B) —1+2i;1)0,2+0,6i .4. a) ig(l+i);6) +(2—-1i);B) 5-2i;2i;r) 5-3i; 2+1i.5.
.. T .. T .. T, .., 6T
a) 5(cos0+isin0); 0) cosz+zsm5; B) 2(cosm +isinm); T) 3(cos(—5)+zsm(—5)).
2 2 2 V4 T
6. a \/Ecos _r +isin _r ; 0) 2(cos— +isin—); B) —=(cos—+isin—); T
)((4) (4)))(3 3))\/5(616))

(J€+ﬁ)(cos(—%)+isin(—%)). 7. a) 2% 6) 2% B) 2++/3)%; 1) 2"i. 8. a)

1;—lii£; 6) i£+i;—i; B) 1+i;—1+i; 1) +i\3: iﬁ(\/g+i); iﬁ(\/g—i).
2 2 2 2 2 2

9. a) gactHOE X’ —Xx° +3x—3, ocratok 5; 6) wactHoe 2x* —6x° +13x° —39x+109,

octatok —327; B) uactHOe 3x*+7x’ +14x*+9x+5, ocratok 0; T) YacTHOe

x’ —5x*+2, ocrarok 1. 10.a) 3;6) 4;B) 2; 1) 3. 11.2) (x +1)(x - 2)(x* +x +4);
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6) (x—D(x*=2x+2); B) (x=3)x+5x*+x+1); 1) (x-D(x-3)(x+2).

2
12. a) 73 ; 0) ——+ 6 ;  B) 32 ;T 3 + > :
x+5 x-6 x—1 x+3 x—1 x+4 x+2 x-3
3x 2x -1 x+1  x+1 2 2 3
13.a ; o — ; B) X+l————+——;
)x2+2 x*+x+1 )x2+1 x*+9 ) x x x-1
1 1 1 2
) S +—-——+—:. 14. a) L1 + 21 ;
X x x x+l1 8(x—2) 8(x+2) 2(x"+4)
x+2 x—2 1 x—1 x+1
0) 2 - 2 ) B) — + 2 + 2 3
8(x"+2x+2) 8(x"—2x+2) 4x+1) 4(x"+1) 2(x"+1)
1 3 1 1 3 1
r)

— + + + + :
16(x—1 16(x—1) 16(x+1)> 4> +1) 16(x+1) 4> +1)
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4. MATPULBI, OHNPEJAEJIUTEJIN, CUCTEMbI
4.1. Marpuusbl. OCHOBHBIE ONpeeIeHUsA

Onpenenenue. Mampuyeii Ha3bIBaeTCs MPSMOYTOJbHAs TaONHIA, B KaXI0H
KJIETKE KOTOPOU CTOUT KaKOe-HUOYIh YUCIIO WIIN BhIpaXKEHUE.

Martpuiibl 006I1vHO 0003HaYaOT OOJIBIIMMU OyKBaAaMHU JIATMHCKOTO alipaBUTA,
Hanpumep 4, B, C.

Onpenenenue. MaTtpuiia uMeeT pazmepHocms mxn, €ClIM OHA UMEET M CTPOK
U 1 CTOJIOLIOB.

Onpenenenue. nemennom MaTPUIIbl HA3BIBAETCS COJAEPKUMOE €€ KIIETKH.

DneMeHThl MaTpUIlbl OOBIYHO 0003HAYalOT MajbiIMM OYKBaMH JIATHHCKOTO
andaBuTa C ABYMS WHIEKCAMU, TJi€ TEPBBIM MHACKC — HOMEP CTPOKH, a BTOpOU —

HOMCED CTOJI6I_Ia, rac J3JICMCHT PACIIOJIOKCH, HAIIpUMCP al.j — JJICMCHT,

PacIIOI0KEHHBIM Ha TIEPECEYCHUU i-i CTPOKH U j-TO CTOJOIIA.
MaTtpuily 0ObIYHO 3aMHCHIBAIOT CIEAYIOUIUM 00pa3oM:

al 1 al 2 al n
A — a21 Cl22 a2n
a a a

Onpenenenne. MaTpuilbl Ha3BIBAIOTCA  PAGHbLIMU, ©CIH OHU HMEIOT
OJIMHAKOBYIO Pa3MEPHOCTh M HMX JJIEMEHTHI, CTOSIIMNE HAa OJMHAKOBBIX MECTaXx,
paBHBI.

Onpenesnenue. MaTpuiia Ha3bIBaCTCS H)J1€6OLU, €CIIH BCE €€ DIIEMEHTHI PaBHBI
HYJTIO.

Hyneyto matpuity 6yaem o6o3Hadath O (B TO BpeMst Kak uucio — 0).

Onpeneaenune. Mampuyeti-cmpokot Ha3bIBA€TCSI MAaTpUIla pa3MEepHOCTH 1 Xn.
Ee Takxe Ha3bIBAIOT 8eKmMOp-CMpPOKOIi.

Onpenenenue. Mampuyei-cmonbyom Ha3bIBa€TCS MaTpHIIA Pa3MEPHOCTH
mx1. Ee Takxke Ha3bIBAIOT 8eKMOP-CMOIOYOM.

Onpenenenue. TpancnonupoanuvimMu HA3BIBAIOTCS MATPHUIBI, Y KOTOPBIX
CTpOKH (CTONMOIBI) OJHOM SABISIOTCA cTolOnamu (ctpokamu) npyroil. (Taxke
TOBOPAT, YTO OJJHA MAaTPHIIA MOIYICHA U3 IPYTOl TPAHCIIOHUPOBAHUEM).

Matpuity, TONy4eHHYI0 W3 MaTpuilbl A TpPAaHCIOHHPOBAHHEM, OyaeM
0603Hauats A’ |

Onpenesienue. Matpuia Ha3bIBAETCS K8AOpAmMHOU, €CIU UYUCIO €€ CTPOK
pPaBHO YHCITy €€ CTOJIOIIOB.

O pa3mepHOCTH KBaJIpaTHOH MaTpPHUIBI TOBOPAT OAHHM YHUCIIOM, HAIpUMED
KBaJ[paTHas MaTpHIla Pa3MEPHOCTH 1.

Onpepenenue. [nasnylo Ouazconans KBaJpaTHOW MaTpuibl 00Opa3yroT
DIEMEHTHI &, Uy s ...y A, .

Onpenenenue. [lobounyro oOuaconanp KBaJAPATHOW MaTPHUIEI 00pa3yroT
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SMEMEHTBI A1, A, 5, --.s Ay,

Onpenenenue. KBagpatHas MaTpuia Ha3bIBa€TCsl OUACOHANbHOU, €CIIH BCE €€
AJIEMEHTHI, CTOSIIIINE BHE IJIaBHOM JUArOHAJIM, PaBHBI HYJIIO.

Onpenenenue. KBpajnpaTHass MaTpulla Ha3bIBACTCS  B8EepPXHEMpPey20bHOU
(HuoxcHempey2o1bHOll), €CIM BCE €€ JJIEMEHTHI, PACMOJIOKEHHBIE HHUXKE (BBIIIE)
TJIAaBHOM JMaroHalid, paBHbI HYIIO.

Onpenenenue. KBagpaTHas MaTpuila Ha3bIBACTCS €OUHUYHOU, €CITH DJIEMEHTHI
ee TJIaBHOM JMaroHajiv paBHbI €IMHUIIC, 4 BCE OCTaJIbHBIC — HYJIIO.

Enunnunyio Matpuiy Oyaem o0Oo3Hadath E. OueBHAHO, YTO OHA SIBIISETCS
TUaroHajJbLHOM.

4.2. Onepauuu HaJl CTPOKAMM MAaTPHUIbI

Onpenenenue. OnemeHmapHuiMu  npeobOPA308AHUAMY  CMPOK  MATPUIIbI
Ha3BIBAIOTCS TPeoOpa3oBaHus CIASTYIONUX TPEX TUIIOB:

1. Ilepecmanoska mecmamu 08yx cmpokx.

VeioBHOE 06O3HAUEHHE: <] , TIe CTPEIKH YyKa3blBAalOT Ha CTPOKH,
NepecTaBisieMble MECTAMM.

2. 3amena cmpoxu CcymMmou 3mMOU CMPOKU U Opyeou, NpPeosapumebHO
VMHOMCEHHOU HA KaKOoe-1ubo 4ucio A .

VeinoBHOE 0603HAUEHHE: , TIe CTpelika YKa3blBaeT HA H3MEHSIEMYIO
CTPOKY, @ MHOKUTENb A CTaBUTCS PSAJIOM C IIPeoOpa3zyeMon CTPOKOM.

3. Ymnoowcenue snemenmos cmpoxu na nenynegoe 4ucio A .

VYcnoBHoe 0003HaueHne A CTaBUTCS PsIIOM € MpeoOpa3zyeMoil CTPOKOiA.

AHAJIOTUYHO BBOJATCS 271eMeHmapHble npeoopazoeanus cmoabyos MaTpULIbL.

4.3. CryneH4arbie MAaTPUIbI

Onpenenenue. Onoprsvim 21eMeHMOM CMPOKY MATPULIbl HA3bIBAECTCS MEPBBIN
cJieBa HEHYJIEBOM 2JIEMEHT 3TOM CTPOKH.

YcnoBHoe 0003HaueHHE: 0OBOIUTCA KPYKOUYKOM MM KBaJIPATUKOM.

Omnpepnesienue. Marpuia Ha3bIBACTCS CMyneHyamou (umerowent
cmyneHuamuvlil 6u0), €CIM OINOPHBIM BJIEMEHT KaXJAOW NOCIeayIoNell CTPOKU
PacIoJIOXKEH MpaBee OMOPHOT0 AIEMEHTA MPEIbIAYIICH.

B yacTHOCTH, OTTOPHBIN 37IEMEHT NEPBON CTPOKH MOXKET HAXOJIUTHCS B JTH0OOM
MecTe, HyJeBasi CTpoKa (BCe DJIIEMEHTBI KOTOPOU — HYJIM) MOXET pacroJiaraThCs Moj
000 CTPOKOH, @ HUYKE HYJIEBOM CTPOKU MOTYT HaXOAUTHCS TOJILKO HYJIEBBIE.

Onpenenenue. Matpuiia umeer cmynenuamoiti 6uo I aycca, eciu:

® (OHAa UMEET CTYNEeHYAThINA BUI,;

® BCE OMOpPHBIC AIEMEHTHI PaBHbI €AUHUIIE;

® HaJl ONIOPHBIMH JIEMEHTAMHU BCIOJY BBIIIE CTOSIT TOJBKO HYJIU.

[TockonbKy B HEKOTOPBIX JOKa3aTeIbCTBaX MBI COOHMpaeMCsl HCIOJIb30BaTh
NPUHYUN MAMeMamu4ecKol UHOYKYUuu, TO IPUBEAEM ero (OpMYITHPOBKY.
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IpuHuun matemaTuveckoil MHAYKIUU. [IycTh chopMyIHpPOBaHO HEKOTOPOE
YTBEPIKJICHUE, 3aBUCALLEE OT HATYPaAJIbHOI'O Yncia #. Toraa, J0Ka3as 4To
® 5TO YTBEpPXKAECHUE BEPHO JUIsI HEKOTOPOIO HA4dalbHOIO 7, ([IOKa3aB Oaszy

WHYKIIAHN ),

® 3TO yTBEp)KJICHHE BEPHO ISl 1 =/, Mpearnoaras, 9YTo yTBEPKICHUE BEPHO

JUTsl BeeX n </ (JloKa3aB wiae UHAYKITUU, TPUHUMAS UHOYKMUBHOE NPEeONOI0NCEHUE);
MOXKHO cJIieJlaTh BBIBOJ, YTO JaHHOE YTBEPXKACHHE BEPHO IS JFOOOTO
HATYpaJILHOTO 71.

Teopema. Jlrobas mampuya A modxcem Ovimb npusedeHa K CMYyneHuyamou
mampuye ¢ nOMOWbIO dJIeMEHMAPHLIX NPeoOPA308aHUll CIMPOK NEPBO2O U 8MOPO20
Munoa.

Joka3zaTenbcTBo. IIpoBeneM n0ka3aTenbCTBO MHAYKLIMEN IO YHUCIY CTPOK
MmaTpulibl. Ecii mMeeTcst Bcero oiHa CTpoka, To Matpuna A yxe cryneHdaras. [lycts
Tenepb mMarpuna A CONEPKUT m CTPOK, rae m >2. llpeanonsoxum, 94TO0 MaTPHILy C
YHCIIOM CTPOK, MEHBIITUM /7, MOYKHO TIPUBECTH K CTyleHYaToMy BUay. Eciu maTpuiia
A wmyneBasi, To oHa crymneHuatas. Eciu A HeHyneBas, TO B HEHl eCTh XOTh OJWH
HEHYJICBOW dJeMeHT. HeHyneBoil sJeMeHT pacmonaraeTcsi B KaKOW-TO CTpPOKE.
3HauuT, B MaTtpuie A €CTh HEHYJEBbIe CTPOKU. BwiOepeM Ty CTpPOKy, B KOTOPOW
OTIOPHBIN AJIEMEHT pacloiaraeTcsl B CTONONE ¢ HAMMEHBIIUM HOMEPOM, CKaXeM C
HOMepoM k,. IIpumeHnB npeoOpa3oBaHue MEpBOro TUMA, MIEPEHECEM 3Ty CTPOKY Ha

IIEPBOC MCCTO. Torz[a MaTpula IpuMeT BUI:

0 .. 0 b,
0 .. 0 by
3
0 .. 0 b,
npuaeM b, #0. Tenepp Oymem NpUMEHsTH MpeoOpa3soBaHHs BTOPOrO THIA: KO
. b2k1 .
BTOpOH CTpOKe MpUOaBUM MEPBYIO, YMHOXKEHHYI0O Ha ——-, K TPETbeU CTPOKE —
Ik,
by,
NIEPBYI0, YMHOXKEHHYIO Ha ——-, U T. . llocme npumenenuss m—1 Takux

1k,
AJIEMEHTApHBIX IPeoOpa3oBaHUil 100bEMCSI TOTO, YTO B k, CTONOLE BCIOAY, KpOME
MIEPBOM CTPOKH, OYIyT HYIIH:

0 .. 0 b
c_|0 w00
0 .. 0 0

OropocuM mepByro crTpoky. OcraBmiascs marpuia uMeer m—1 crpoky. Ilo
WHIYKTUBHOMY MPEINOI0KEHUIO €€ MOXKHO MPUBECTH K CTYIIEHUYATOMY BUITY:
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0 .. 0 0

0 .. 00
Ilyctb mepBble HEHyJEBbIE OJIEMEHTBl CTPOK CTyHmeHuaTod wmarpuusl G
pacronaralorcss B cToiabumax ¢ Homepamu k,,...k,. Torma k,<..<k 1o

-
ONPENENICHUI0  CTyleH4Yarod Marpuubl. Ho  ocymiecTBiss — dneMeHTapHbIE
npeoOpa3oBaHUsl YMEHBIIEHHOW MAaTpUIbl, MOXHO CUUTaTb, 4TO MbI JE€JIaEM
3JIEMEHTapHble IpeoOpa3oBaHus Marpulbl C, HE HCIOJIB3YIOUIME MEPBOM CTPOKH.
[TockonbKy IpU BBIOJIHEHUH ITHX 3JIEMEHTAPHBIX IPe0Opa30BaHUM HYIH, CTOSIBLINE
B NEpBBIX Kk, cronbuax Mmartpuusl C, HE MOINIM HMCUYE3HYTh, TO k, <k,. Takum

00pa3oM, MbI MOTYYHIA MATPUILY

0 .. 0 b,
|0 w00 |
D
0 .. 0 0

KOTOpasi CTylleHYaTasl.

Teopema. Jlooas mampuya A mooxcem Ovimb npugedena K mampuye,
umerowjeli cmynenyamulil 6uo I aycca, ¢ nNoMowblo d1eMEeHMApPHbIX NPeoopazoeanuil
CMPOK.

JlokazaTeabcTBO. [locKONbKY s100ast Matpuiia A MOXET ObITh NMpPUBEICHA K
CTYNEHYATON MaTpulle ¢ MOMOIIBIO 3JIEMEHTAPHBIX MPEeoOpa3oBaHUN CTPOK MEPBOTO
Y BTOPOT'O TUIIOB, TO CYUTAEM, UYTO NIEPBBIN MTYHKT ONPEAEIECHUS MaTPHULbl, HIMEOLIEH
cTyneHyatsii Bua ["aycca, BoinosiHeH. Tenepb npuMeHUM MpeoOpa30BaHUs TPETHETO
TUTNA. YMHOXUM KaXIyl0 HEHYJIEBYIO CTPOKY Ha 4YHCIIO, OOpaTHOE €€ OMOpPHOMY
anemMeHTy. CTall BBIIIOJIHEHHBIM M BTOPOU MYHKT OMNPEIEIICHHUs] MaTPHULbI, UMEIOLIEH
ctyneH4aTteli BuA ['aycca. IIpu 3TOM mepBblli IMyHKT HE IEPECTANT BBITOJHATHCS.
Hanee 1 KaXnod CTPOKM i, HMCHOIICH OMOPHBI dJIEMCHT b, , KpOME IEpBOii, B

NopsAJIKe BO3pacTaHus [ caenaeM ciexayromee. K kaxmoi cTpoke j, Takod 4To j<i,

. k.
npuOaBUM (-0 CTPOKY, YMHOXEHHYK) Ha ——-=-p Takum oOpa3zoM, HaT

Jki
ik,

OIOPHBIM DJIEMCHTOM b, BCIOAY BBILIC MOSABATCA HyU. IIpH 5TOM, MOCKOJIBKY B i-i
CTPOKE [0 DJIEMEHTa b, CTOAT HYIH, TO HE NMPOIAJAYT HYIH, CTOSABIINE B j-H CTPOKE
(<) mo k;-ro cronbua, 1 HyIH, CACIAHHBIC B j-il CTPOKE (j< i) B CTONOLAX MEXIY
k,-Mu k,-M cTOnOLAaMK Ha/l OTIOPHBIMU HJIEMEHTAMH CTPOK C HOMEPAMH MEXIY j U L.

CnenoBatenbHO, OyAyT BBINOJHEHHBIMU BCE TPHU IYHKTa OMNPENEICHUS MAaTPHIIBI,
HMMeEIoLen cTyneHyarsii Bu ['aycca.
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4.4. /InneiiHas 3aBUCUMOCTH CTPOK MAaTPHLbI

HOCKOJIBKy CTPOKY MaTpHUIbl MOXHO paCcCMAaTPHUBATL KaK I’l-MCpHBIﬁ BCKTOpP, a4
OJIA BCKTOPOB BBOIAWJIMCH IIOHATHA JIMHCWHOMW 3aBHCHUMOCTH M HC3aBHUCUMOCTH, TO
MOXHO pacCMaTpuBaTb JOTH TIOHATUA TPUMCHUTCIBHO K CTPOKaM MAaTpHIbI.

—

Hcnonb3ys o0o3HaueHus 4, Ans i-i CTpoku Marpulel U (0 A8 HyJIEBOM, UMEEM

CJIEYIOLUE OINPENETICHHUS.
Onpenenenue. CTpoka MaTpuUllbl HA3bIBACTCS JUHEUHOU KOMOUHAYUel CTPOK
d,,d,,...,d,, €CIIA €€ MOKHO NPEACTaBUTh B BUAE CyMMbl Ad, +A,d, +..+ A d, , rae

n"n?

A2y A, — NEHCTBUTENBHBIE YUCIIA.

Onpenenaenne. Jluneiinas xomOuHanua Ad, +A4,a, +..+A4 d, Ha3pBaercs
mpueuanvHou, ecim A =1, =...=4 =0.

Omnpenenenne. HaGop U3 HECKONBKUX CTPOK MATpPUIIbI HA3bIBACTCS JIUHEUHO
3a6UCUMBIM, €CIH CYIIECTBYET HETpHUBUAIIbHAS JIMHEHHAas KOMOMHALMSA TUX CTPOK,

paBHAs HyJEBOM CTPOKE, T. €. Ad, + A,d, +...+ A d =0, T1e He BCe A paBHBI HYJIIO.
Onpenesenne. Habop M3 HECKOJIBKMX CTPOK MAaTpHILbl HA3bIBACTCS IUHEUHO
He3a6UcUMblM, €CIH PaBeHCTBO Ad,+A,d,+..+Aa, =0 BO3MOKHO TOIbKO B
TPUBHUAIILHOM CIIydae.
4.5. Panur maTpunsbl. ba3ucHbie cTpoku

Onpenesienue. Paneom MaTpHIIBl HAa3bIBACTCS MAKCUMAIBHOE YHCIIO TUHEHHO
HE3aBUCHUMBIX CTPOK 3TOW MATpPHUIIBI.

Onpepenenue. ['OBOPAT, YTO OA3UCHLIMU CMPOKAMU MAMPUYBLL MONHCHO
00vs6UMb T€ €€ CTPOKH, KOTOPBIC SBISIOTCS JIMHEHHO HE3aBUCHUMBIMH, a MX YHUCIIO
pPaBHO PaHTy MATPHIIBI.

Br160p 6a3ucHBIX CTPOK, BOOOIIIE TOBOPSI, HEOTHO3HAYCH.

Teopema. Pane mampuywvi ne MeHAemcsa npu 1eMeHmMapHulx npeoobpa308anusax
CMPOK.

Joka3zarenbcTBo. IIpoBenem  10Ka3aTenbCTBO MHAYKLIMEH [0  YHUCILY
NPUMEHEHHBIX DJJIEMEHTapHBIX mpeoOpazoBanuii. IlycTh mHpUMEHEHO OAHO
AIIEeMEHTapHOE peoOpa3zoBaHue.

Ecnu 310 nemeHTapHOE MpeoOpa3oBaHKWe MEPBOrO THUIMA, TO HOBas MaTpHUIla
COJICPKUT T€ JK€ CTPOKH, UTO M CTapasi, TOJbKO B ApyroM nopsjake. COOTBETCTBEHHO,
JMHEHHO HE3aBUCHMBIMH OCTAJIUCh B TOYHOCTH T€ HAaOOpBHI CTPOK, KOTOpPHIE ObLIH
TaKOBBIMH.

Ecnu mpuMmeHneHo sneMeHTapHOe mpeoOpa3oBaHHE BTOPOTO THIIA, TO CTPOKH
GyyeeesGyyenesd, CTAPOHM MATPHLBl  MEPELUUIH B CTPOKH d,...,d; + Ad,,...,d, HOBOW

MaTpHIbL. CHauana IMOKAKCM, UTO IIPU MICPEXoac OT CT&pOﬁ MaTpUuIbI K HOBOM paHTr
HC MOI' YBCIIMIHUTHCA. HYCTB paHTr CTapOﬁ MaTpHIbl paBCH 7, T. €. CTapasd MaTrpuia
HUMEET V' JHUHEHHO HE3aBHUCUMBIX CTPOK, HO ao0ele r+1 ee CTPOK JIMHEMHO
3aBHUCHUMBI. HpeI[HOJIO)KI/IM IMPOTUBHOC: B HOBOH MaTpuie MMCCTCA r+1 nmHelHO
HC3aBHUCUMBIX CTPOK. HOCKOHBKy Inpu 1mepexoac ot CTElpOfI MaTpulbl K HOBOU
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W3MEHEHUSAM TMOJIBEPTIIACH TOJBKO I-51 CTPOKA, TO 7 + 1 JIMHEHHO HE3aBUCUMBIX CTPOK
COJIepIKaT i-10 CTPOKY U 0€3 i-il CTPOKH OCTaBIIUECA ¥ CTPOK JIMHEHHO HE3aBHUCUMBI.
Takum o00pazom, MycThb Zik1 yeesly 0, +AA ; — JMHEWHO He3aBUcHMbIC CTpokH. Ilo

OMPEIECIICHUIO TUHEHHON HE3ABUCUMOCTU Ad, +...+Aa, +A . (a +Aa.)=0 ToJIbKO
k "k, r+1 N\ j

B UBHAJIBHOM ciyyae. T. e. a, +..+Aa, +A_a+A _ Aa. =0 TOIBKO IIpU
ky "k, r+1771 7+1 j

A =..=A =4,,=0. Ho torna, ecin cTpoKa a; COICPKUTCS CPEIH CTPOK d ,...,d;

>

CTapoil MaTpHLbl, TO 7 +1 CTPOKa, a €CIM CTPOKa d; HE COIACPKHTCS CPEau CTPOK
Ay -0, CTAPON MATPHULBL, TO 7+ 2 CTPOKH CTApOH MATPHULbI SBISIOTCS JHHEHHO

He3aBUCUMBIMH. [lomydeHHOE TIPOTHBOpEUre TOKa3bIBAET, YTO PAHT HOBOW MATPHUIIBI
He Ooubllie paHra cTapoi. 3aMeTHM, YTO OT HOBOW MAaTpPHIIBI MOXXHO BEPHYTHCS K
CTapoi, NpubaBisis K i-ii CTpOKe 4@, +Ad; j-10 CTPOKY d,, yMHOXCHHYIO Ha —A.

CnenoBaTesibHO, aHAJIOTMYHO JOKAa3bIBAE€TCS, YTO PAHT CTAPON MaTpHIIbl HE OOJIbIIe
paHra HOBOM.

Ecnu mpumeHeHOo 3ieMeHTapHOe MpeoOpa3oBaHUE TPETHEro THUIA, TO CTPOKU
d,y...,d;,...,d, CTAPON MATPULIl NEPELUUIH B CTPOKU d,...,Ad,,...,d, HOBOH MAaTpPHUIbL,
rie A#0. OueBUaAHO, YTO H3MEHEHHS KOCHYJIUCH TOJIBKO TaKUX JIMHEHHBIX
KOMOMHAIIMH CTPOK, B KOTOPBIX €CTh i-s CTpoka. T. €. JUHEHHOW KOMOWHAIMHU
L=Aa, +..+A4,+..+Ad, CTPOK CTapoii Marpuibl COOTBETCTBYET JHWHCHHAs

KomOunaumst  L'=Ajd, +..+ A AG, +...+ A/d,  CTPOK HOBOH Marpuupl. OTH
v !’ !’ !
JNIMHENHbIe KOMOUHALMK OYIyT paBHbl, ecinu A, = A/,...,4, = A A,...,A, = A, npuiem

u3 paeHcrtBa A =7, cruenyer, uro A, =0 B TouHOCTH Torz;a, Korma 4, =0.

—

[ToaTOoMy, eciu cyliecTBYeT HETPUBUAIIBHBIM HAOOP l,,...,),q,...,lr, Takoi uto L =0,

TO CYIIECTBYET HETPUBMANBHBINA HAOOD A[,...,4,,..., 4, Takoii uro L'=0, n HaobopoT.

CrnenoBaTenbHO, DJJIEMEHTApHOE TMIpPeoOpa3oBaHUE TPEThEro THUIA COXpaHSET
OTHOIIIEHWE JIMHEWHOW 3aBUCHUMOCTM (MJIM  HE3aBHUCHUMOCTH) Ha Habopax
COOTBETCTBYIOIIUX CTPOK CTAPOM M HOBOM MATpHUII, a 3HAYUT, HE MEHSETCS PaHT.
JlokazaB TeopeMy il ciiyyass OAHOTO 3JIEMEHTApHOIo MpeoOpa3oBaHUs, B
MPEANOI0KEHNHU, YTO Mbl MOKEM JI0Ka3aTh ee A ciydas (/—1)-ro snemMeHTapHOro
npeoOpa3oBaHus, JOKaXXKeM JJis ciayyas !/ »JIEMEHTAapHbIX NpeoOpa3zoBanuii (f>1).
IlycTte A — HauanpHasg Matpuna, B — KoHe4yHas, a C — MaTpuua, BOZHUKIIASA TIOCIIE
NMpUMEHEHUS K A TIEpBOro U3 AJIEeMEHTapHbIX IpeoOpa3zoBanuii. Toraa Ha OCHOBaHUU
noKa3aHHOro paHru marpull A u C paBHbl, a HAa OCHOBAHUU HHAYKTUBHOIO
npeanosioxkenns panru C u B paBHbl. Caeq0BaTeNbHO, paHTd A U B paBHBIL.
Hcnone3ysa 3Ty TeopeMy MOKHO HAaXOAUTh PaHr MaTpPULbl KaK YHCIO
HEHYJIEBBIX CTPOK B €€ CcTyneHyaToM Bujae (T. €. B CTyNeHYaTod MaTpulle,
MOJIYYCHHOW W3 JAaHHOW C TOMOILIBIO 3JIEMEHTApHBIX MNpPeoOpa3oBaHUN CTPOK).
AHaANOrM4HO Oa3UCHBIMU CTPOKAMU MOKHO OOBSBUTH T€ CTPOKM H3HAYAIbHOU
MaTpuLBbl, KOTOPBIE NPU MPUBEICHUU K CTYIIEHYaTOMY BHY NIEPELUIN B HEHYJIEBBIE.
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4.6. Onpenenurenn

JlanM MHIYKTUBHOE ONPEACIICHUE ONpEASTUTeNs (pa3iokeHUEM IO TePBOU
CTpOKeE).

Onpenenenue. OmpenenureneM (n7-ro TMOpsIKa) HA30BEM OTOOpa)KeHHE,
KOTOpPOE€ OIpeleNIecH0 Ha MHOXKECTBE KBAJpPAaTHBIX MAaTpHIl (pa3MEepHOCTH nXn),
MPUHUMACT 3HAYCHHWS HA MHOXECTBE JCHCTBUTCIBHBIX YHCEI M OPraHW30BaHO
CJICTYIOIUM 00Pa3oM:

e 1pu n =1 KBaJpaTHOI MaTPHUIIC ITEPBOTO MOPSIKA CTABUTCS B COOTBETCTBUE
TO YHUCJIO, KOTOPOE COACPKUTCS B €€ KIIETKE, T. €. ‘A‘ = ‘a‘ =a,Tne ‘ ‘ — o0o3HaUeHNE
IUTSL OTIPEJICITUTES;

¢ IIpcamnojiarad OINpPCACIICHHbBIMU OIPCACINUTCIIA TIOpAAKa #n, TOC I’l<k,
OIIPCACIUTCIIb IMOPAIKA k BBCACM COOTHOIICHUEM

all a12 aln
u u u 6122 Clzn
21 22 2
|4]= l=a, | e |-
Cln2 CZM
anl anZ arm
a21 a2n a21 aZ,n—l
n+l
—a,| ... o |+ (=D a,
a a a a

nl nn nl n,n—1

[Tomumo o6o3HaUEHUS ‘A‘ TaKXKe UCIONB3YIOTCs 0003HaueHuss A4 u det 4.

Teopema. Onpedenumenu MOIHCHO BLIYUCTAMb PA3NONHCEHUEM NO JHOOOMY
cmonbyy uu no 100U cCmpokKe, npu dMOM UMEIOm MeCmo paseHCmea:

al] a]Z aln
a,, a, .. a n . n .
% Y 2n| itk _ ket
‘A‘_ —Z( 1) aikMik—Z( )™ ayM,;,
k=1 k=1
a, a, .. a,

e0e M, (M,)) nasvieaemcsi munopom (n—1)-eo nopsoka, coomeemcmsyiouum
onemenmy a, (a,) u A61aemcs onpederumenem Mampuybl, NOLYYEHHOU U3 MAMPUYb
A sviueprusanuem i-ui (k-it) cmpoxu u k-eo (j-eo) cmonobya.

I[OKa:iaTe.]'leTBO. Eciu no OIIPCACICHUIO OIIPCACIIUTECIIA PpacCliuCcaTtb ¢€ro
MHUHOPBI (I’l —1)-I‘O nopsaaka 10 CymMmm HpOI/IBBeI[eHI/Iﬁ quCeil, TO MOXHO YBUICTb, YTO
PE3YIAbTAT HC 3aBUCUT OT TOI'O, PA3JIOKCHHUCM I10 Kakou CTPOKC HNJIK KAaKOMY CTOJI6I_[y
MBI IIOJIB3OBAJIMCH IIpU CBCACHHUHN BbIYUCJIICHUA OIPCACIUTCIIA 71-TO0 IIOPAAKa K
BBIYUCJICHUIO 9THX MHHOPOB.

Teopema. Eciu mampuya A codepoicum Hyegyt0 CMpOKy, mo onpeoeaumelb
|4]=0.
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JlokazaTeJbcTBO. Eciu pa3ioxkuTh ONpelenuTeNb M0 HYJIEBOH CTPOKE, TO
04eBUIHO oayyuM 0.

Teopema. Eciu om mampuysvr A kK mampuye B MOXMCHO nepeumu ¢ NOMOubIO
00HO20 1IeMeHMAaApHO20 NPeobpa3o6aHus CMpoK Nepeo2o Mmund, mo ‘A‘ = —‘B‘.

Joka3arenbcTBo. [lycTh OoT Marpunbl 4 K MaTpule B MOXKHO IEpPEUTH C
MOMOIIIBIO TEPEeMEHBl MECTaMU i-i W j-H CTpOK. Pa3joXuB oOmpeneiauTenu 3TUX
MaTpHUIl TO i-i CTPOKE, KKABIA M3 TOIYYHBIIUXCS MHHOPOB (7 —1)-ro mopsiaka
pa3IoXKUM IO j-i cTpoke. B pesymbrare yBHIWUM, YTO TMONTYYCHHBIE Pa3I0KCHUS
OyAyT OTIMYATHCS TOJIBKO 3HAKAMU MIPH CIaraeMbIX.

Teopema. Eciu mampuya A codepocum 08e 00UHAKOBbIe CMPOKU, MO

onpeodenumeins ‘A‘ =0.

Joka3arenbcTBO. C OHOW CTOPOHBI, IEPECTABIASL MECTAMU JIBE OANHAKOBBIC
CTPOKH, MOJIYYUM OIPEAEIUTENb, OTIIMYAIOIINNCSI OT UCXOAHOro 3HakoM. C apyroii
CTOPOHBI, 3TO TOT € caMblil onpenenutensb. OueBuAHO, TONbKO yucio 0 obnanaer
TaKUM CBOWCTBOM.H

Teopema. Eciu om mampuysvr A kK mampuye B MOXMCHO nepeumu ¢ NOMOubIO

00HO020 1IeMEeHMAPHO20 NPeobpa3o68aHus CMpoK 6Mopo2o Mund, mo ‘A‘ = ‘B‘ .

Jloka3zareabCTBO.
a,+Aa, a,+ra, .. a, +Aa;, , a,+2ra,
B|l=| .. N
)i a2 djn )
IR
=(-D"(a,+2a;) ...+
Q) Ajna Ay
o .
+(=1) (am+lajn) =
a, a, .. a,
o e e e P IO
=(-D" a, t..+(=D"q, +
Qo vee Qi 4 p dp - 4y,
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+l((—1)l+l ajl +“.+(_1)i+n ajn )=

J2 Jon=1 Jn Jl Jj2zotr Jn

Jon=1 Jn

=l e e [FA e L|E]4|+2-0=]4

a, .. a

b

g1 D

MTOCKOJIBKY OJIUH U3 OTPEICTUTEIICH COACPIKUT JBE OJIMHAKOBBIX CTPOKH.

Teopema. Eciu om mampuyst A k mampuye B mooxxcHo nepetimu ¢ nomowsbio
00HO020 JJIEMEHMAPHO20 NPeodpa306aHus cmpox mpemveco muna, 20e A#0 —
coomeemcmayowull Kodpguyuenm, mo ‘B‘ =A- ‘A‘

Joka3zarenbcTBo. [lycth OoT Marpunbl 4 K MaTpule B MOXKHO IEpPEUTH C
MTOMOIIBIO IOMHOXKEHHSI i-ii cTpoku Ha A # 0. Pa3jiokuB onpenenuTens MaTpulbl B
Mo i-i CTpOKE M BBIHECS 3a CKOOKM A, B CKOOKaxX MOJYyYHUM pa3OKEHUE MO i-i
CTPOKE OIPEICITUTENS] MAaTPUIIBI A.

Teopema. Onpedenumensy cmynenuamou mampuyvl pageH NPouU3Be0eHUro ee
I1eMEHmMO8, CMOAWUX HA 2/IA6HOU OUASOHATU.

Jloka3aTeJbCTBO. PackiajgpiBas ONpECIUTEeNIb B COOTBETCTBUH C €TI0
OTNpECIICHHEM J0 CYMM IPOM3BEJCHHIA €ro 3JCMEHTOB, YUYWUTHIBAs OIPEIACIICHUC
CTYIICHYaTOTO BHUJA MATPHUIlbI, yOEKIaeMcs, YTO BCE cCllaraeMble KpOME OJIHOTO
HaBepHsAKa OyayT HyiasaMu. OcTaBIeecsl cllaraeéMoe €CTh IMPOM3BEICHUE JJICMEHTOB
rJIaBHOM JUaroHaliu.

Teopema.  Onpedenumens  mampuyvt A pasen  onpedenumento
mpancnonuposannoti mampuysr A" .

Hoka3zarenbcTBo. PacknaapiBasg onpenenurenu wmatpul, 4 u A" B
COOTBETCTBHH C OINPEICICHUEM OMPEACTUTENS 10 CYMM MPOU3BEIACHUIA 3JICMEHTOB
3TUX MATPHIL, IMOTy4aeM BBIPAKCHUS, OTIMYAIOIIAECS TOJBKO MOPSIKOM ClIaraeMbIX
A =|47).

Takum 00pa3om, Bce TEOPEMBI O CBOMCTBAX OINPEACIHUTENS, JOKa3aHHBIC IS
CTPOK, TaK’K€ UMCIOT MECTO U ISl CTOJIOIIOB.

Teopema. Cmpoku (cmoabywvl) K6adpamuol mampuybl TUHEUHO HE3ABUCUMDbL
moz2oa u moJibKo mo2od, Ko2oa ee onpeoerumens OmaUdeH Om HyJis.

Jloka3aTeabcTBO. OCHOBBIBASICh HA CBOWCTBAaX OINPEICIHUTENS, 3aMETHUM, YTO
€CIM OT KBaJpaTHOW MaTpHIBl A K KBagpaTHOW MaTpuIle B Meperuid ¢ MOMOIIbIO
AJIEMEHTAPHBIX MPE0Opa30BaHKMI CTPOK, TO OMPEASIUTEIIA dTUX MaTpuil JuOo oba
HyJIeBbIe, TM00 00a HEHYJIEBbIE.

Ecnmu ctpokm Marpuiiel 4 pasMEpHOCTH 7 JIMHEHHO HE3aBHUCHUMBI, TO YHUCIIO
HEHYJICBBIX CTPOK B €€ CTYINCHYAaTOM BHJIC paBHO 7. Torja 4YHCIO OMOPHBIX

" IMOpAAKOM MHOXKMTEJICH B ClIaracMbIX. CHC}IOB&TCHBHO,
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AJIIEMEHTOB paBHO r. [I0CKOIBKY OHM CTOSIT B pa3HBIX CTPOKAX U CTOJOIAX, CABUTASICh
C KaXJOM CTpPOKOW HAmpaBO, TO OMOPHBIE 3JIEMEHTHl COBMAJAIOT C 3JIEMEHTaMU
riiaBHOM nuaroHanu. CnefoBaTesibHO, CPEeIU SJEMEHTOB TJABHOM JAMAroHald HET
HYJIEBBIX, a 3HAUUT, ONPEJIETUTENIb CTYIIEHYaTOW MaTPUIbl HEPABEH HYIIIO.

OO0patHO, eciM OmpeneauTeNb CTYNEHYaTOM MaTpUIlbl HEpPaBEeH HYIIO, TO
Cpelld 3JIEMEHTOB IJIaBHOM JAMAaroHaiu HET HyJeBbIX. Torjga OHa HE UMEET HYJIEBBIX
ctpok. CrenoBarenbHO, paHT MaTpuilbl A paBeH €€ Pa3MEpHOCTH 7, T. €. CTPOKHU
MaTpuIlbl A TMHEWHHO HE3aBUCUMBI.

T
Jl71s1 cTONIOLIOB YTBEPIKIAEHUE CIETYET U3 TOTO, YTO ‘A‘ = ‘A ‘

Teopema. V scakoti mampuyvlt A panea r umeemcst v JUHEUHO HE3ABUCUMbBLX
cmonbyos, u 1060t Habop u3 bonee uem r Cmoabyoe TUHEUHO 3a8UCUM.

JlokazaTeJbcTBO. PaccmMoTpuM MuHOpP M moOpsaka 7, COCTaBICHHBIA U3
DJIEMCHTOB MATPHUIbI A, HAXOIANIUXCS Ha IepeceYcHUU Oa3UCHBIX CTPOK, W
CTOJIOIIOB, B KOTOPBIX OYAYT CTOSATH OMOPHBIC 3JIEMEHTHI, €CITH MATPHUIy A IPUBECTH
K CTYNCHYATOMY BHUAY C MOMOIIBIO 3JIEMEHTAPHBIX NPEOOpa3oBaHUN CTPOK (TaKHX
cTono1oB Oymer Takke 7). Ilpu mpuBeneHmm MaTtpuibl 4 K CTYNEHYATOMY BHUIY
Taycca munop M nepeiiger B Munop M’ OT €JUHUYHON MATPHUIILI PA3MEPHOCTH 7.
CrnenoBaTenbHO, ‘M ":1. Torna ‘M ‘7&0, a 3HAYMT, CTOJOILI MUHOpa M JIMHEWHO

He3aBUCUMBI. [lomyyaercs, 4To cToA0LBI MATPUIILI A, COAEpKAIIKE CTOIOLBI MUHOPA
M, TOXe TMHENHO HE3aBUCUMBI.

Ecnu npennonoxuts, 4to umeercs r+1 JNMHEHMHO He3aBUCHMBIA CTON0EI
MaTpuubl A, TO, B31B MUHOP M nopsiaka r+1, ¢ aneMeHTaMu, IpUHAAJIEKAIUMEA 3TUM
cTonbnamM M Kakou-HuOynp (r+1)-i1 ctpoke, momyuyum, yto mMuHOp M umeer r+l
JUHENHO HE3aBHCUMBIM cTONOEN, T. €. ‘M # (. Ilpu npuBenenun martpuibl A K

CTyIleHYaToMy BHIYy MHUHOp M mepeiimer B mubop M'. Ilpu stOM ‘M "7&0.

CrnemoBaTelbHO, CTYNEHYATHIA BHI MaTpUIlbl A WMEET Mo KpaiHell mepe (r+1)-y
HEHYJIEBYIO CTPOKY, YTO IPOTHBOPEYHUT TOMY, UTO PAHT MaTPHUIIbI A paBeH 7.

Onpepenenue. ['0BOpAT, UYTO Oa3uUCHBLIMU CMOAOYAMU MAMPUYBL MONHCHO
00v56UMb T€ €€ CTONOIBI, KOTOPHIE SBISIOTCS JTHHEWHO HE3aBUCHUMBIMH, & UX YUCIO
pPaBHO paHTy MaTPHIIBI.

Onpenenenue. ['0BOPIT, UYTO OA3UCHLIM MUHOPDOM MAMPUYbl MON*CHO
00b56UMb €€ MHHOP, DJIEMEHTBI KOTOPOTO PACIoJiaraloTcs Ha MEPEeCceYCHUH CTPOK U
CTOJIOIIOB, KOTOPBIE MOKHO OOBSIBUTH 0A3MCHBIMH.

Br16op 6a3zucHOro MuHOpa, BOOOIIE TOBOPS, HEOJHO3HAUYEH. ba3uCHBII MUHOP
HEpaBeH HYII0. Ero mopsaok paBeH paHry MaTpuilbl. MHHOpP MaTpHIlbI, MOPSIOK
KOTOPOT'0 OOJIbIIIEe MOpsAIKa 0a3MCHOTO MUHOPA, PaBeH Hymo. TakuM oOpa3om, paHr
MaTpUIlbl paBeH HE TOJBKO MaKCHMAalbHOMY YHCIY JIMHEHHO HE3aBUCHUMBIX CTPOK
ATON MAaTPHIIbl, HO U MAKCUMAJIBHOMY YHCIY JIMHEHHO HE3aBUCHUMBIX CTOJIOIIOB ITOM
MaTpPHUIIbl, © MAKCUMAJILHOMY MOPSAJIKY OTIUYHOTO OT HYJISI MHHOPA 3TOH MaTpHIIBL.

T V)
Takke panr maTpuil A paBeH paHTry MaTpulbl 4 , TPAHCIIOHUPOBAHHOM K MATpUIIE
A.

77



4.7. Onepanuu Hax MATPULIAMU

Onpenenenue. Cymmou 08yx mampuy A 1 B oquHAKOBON pa3zMEpPHOCTH m*n
HaspiBaeTcs Marpuia C Toii ke pa3sMEpPHOCTH, SJIEMEHTBI KOTOPOH paBHb! ¢, = a; + b,

(i=12,...m;j=12,..,n).

st 0o003HaueHuss CyMMbl JBYX MaTpull Hcrnoibdyercs 3amuch C=A+B.
Ornepanys NoJy4eHUsI CYMMBl MAaTPULL Ha3bIBACTCS UX CIONCEHUEM.

Teopema. Cnoowcenue mampuy xkommymamueno, m.e. A+ B=B+ 4.
Joka3zareqnbcTBO. [lonb3ysick ompenereHUEM CyYMMBI JBYX MAaTpUIl U
KOMMYTAaTHBHOCTBIO CIIOKCHHMS YUCeT a; + bl.j = bl.j +a;, yoexxmaemMcss B OYEBUIHOCTHU

HAaHHOT'O YTBCPIKACHUA.

TeopeMa. CJZOD!C@HM@ mampuy accoyuamueHo, m. e.
(A+B)+C=A4A+(B+C).

Joka3zarenbcTBo. Ilonmb3ysice omnpeneneHueM CyMMBlI JABYX MaTpull H
ACCOOMAaTUBHOCTBKO CJIOKCHUA YHCCII, y6e>Kz[aeMcsI B OUYCBHUAHOCTHU JAHHOI'O
YTBEPKIACHUS.

OtH TCOPCMBI IIO3BOJIAIOT HC 3360TI/ITBC$I O MOopAOKE CICHOBAHUA ClJIaraCMBbIX
MaTpHull IIPpH CJIO0KCHUH NABYX HUIIN 60J]BHICFO quciia MaTpull.

Onpenenenue. [Ilpouszsedenuem mampuysvt A (pa3MEpHOCTH mXn) Ha
OeticmeumeinbHoe yucio A HasbiBaeTcs MaTpuna C TOH ke pa3MEpHOCTH, SJICMEHTBI
KOTOPO#i paBHbI ¢, = laij (i=12,..m;j=12,..,n).

Jlniss 00o3HaueHUs] MPOU3BEACHUS MATPHUIBI Ha YHCIO HCIONB3YeTCsS 3aIluCh
C=A4 wm C=AA. Onepauus MNOJIy4yeHUs MNPOU3BEACHHUS MATPUIBI HA YHCIIO
Ha3bIBACTCS YMHOMCEHUeM MATPUILIBI Ha ATO YUCIIO.

Teopema. Ymuooicenue mampuyvl Ha 4ucio accoyuamu8HO OMHOCUMENTLHO
yucno08o20 muoxcumens, m. e. (Au)A=A(uA).

Jloka3aTeJbCTBO. [lOB3ysACh OMpeaeIcHUEM TPOU3BEACHHUS MATPHUIlBI Ha
YUCJIO W aCCOIMAaTUBHOCTHIO YMHOXCHHUS 4YHUCEN, YOeXKTaeMcs B OYCBUIHOCTH
JTAHHOTO YTBEPIKICHHSI.

Teopema. Yunuooicenue mampuyvl Ha YUCI0 OUCMPUOYMUBHO OMHOCUMETLHO
cnooicenuss mampuy, m. e. AM(A+B)=1A+ AB.

I[OK?I:%ITEJ]LCTBO. HOJIB?)YSICB OIIPpCACICHUCM IIPOU3BCACHUA MATPHUIIBI Ha
YUCJIO H III/ICTpI/I6yTI/IBHOCTBIO YMHOKCHHA YHCCJI OTHOCUTCIBHO HX CIIOKCHUA,
y6e>1<11aeMc5{ B OUCBUIHOCTH JAHHOTO YTBCPIKIACHUAA.

Teopema. Yumuooicenue mampuyvl Ha YUCIO OUCMPUOYMUBHO OMHOCUMETbHO
cnooicenust yucen, m. e. (A+ pu)A=21A+ uA.

I[OK?I:%ITEJ]LCTBO. HOJIB?)YSICB OIIPpCACICHUCM IIPOU3BCACHUA MATPHUIBI Ha
YUCIIO H III/ICTpI/I6yTI/IBHOCTBIO YMHOKCHHA YHCCJI OTHOCUTCIBHO HX CIIOKCHUA,
y6e>1<11aeMc5{ B OUCBUIHOCTH JAHHOTO YTBCPIKIACHUAA.
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Omnpenenenune. Paznocmvio N1ByX Matpull A U B OIMHAKOBOW pa3MEpPHOCTHU
mXxn Ha3piBaeTcsa Matpuna C TOU ke pa3MEPHOCTH, KOTOpasi B CyMMe ¢ MaTpuuen B
naet MaTpuny A.

st o603HaYeHUsT Pa3HOCTH JBYX MaTpHl] ucnoib3yercsa 3anuck C=A4—-B.
Onepanuss NOJNYYEHUs PAa3HOCTUM MATpUIl HA3bIBACTCS UX 6biyumanuem. JIerko
yOenuThbes, uto pazHocTh C OBYyX MaTtpull A U B MOXKET ObITh MOJTy4YeHa MO MpaBuily
C=4+(-1)-B.

Onpenenenue. Hynesou (He 10 BHEITHEMY BUAY, a MO POJIM B aJireOpanyecKon
CTPYKType) HasbiBaeTca Takas Marpuua O, 4to Juis 71000l Martpuubl 4 BEpHO
A+0=0+4=4.

Jlerko y0Oenutbesi, YTO €AMHCTBEHHOM TaKOW MaTpuued sBIseTCsS MaTpulia,
KOTOPYIO MBI paHbllle Ha3BaJIM HYJIEBOW IO BHEIIHEMY BHUIYy, T. €. MaTpHIa
pPa3MEpHOCTH TOM K€, UTO U A, cocTosas U3 OAHUX HYJIEH.

Onpenenaenune. /IpomugononodxcHou K Matpuile A Ha3bIBA€TCs Takash MaTpuila
(—=A) Tol xe pa3sMEpPHOCTH, UTO U A, It KoTopoit BepHO A+ (—A)=(-A)+ A=0.

Jlerko yO6emuthesi, uto (—A)=—1-A — eOUHCTBEHHAas Takas MaTpuua s
kaxaoit matpuubl 4. Ecnu 4=0, To oHa NpOTUBOIOI0XKHA caMa cede.

Onpenenenue. /lpoussedenuem mampuysvt A, UMEIONEH pa3MEPHOCTD M XN, Ha
mMampuyy B, umeronryro pa3MepHOCTb nXp, HasbiBaeTcs marpuna C, umeromas

n
pa3MEpHOCTb mXp, DIEMEHTbl KOTOPOW paBHBI cU:Zaikb,g. (i=12,...,m;
k=1

k=12,..n; j=12,...,p).

st o003HayeHusi MPOU3BENCHUS MaTpullbl 4 Ha MaTpully B HCHOIB3YIOT
3amuch C = A4-B. Onepanusi nojaydeHus Npou3BeAeHUs MaTpullbl 4 Ha mMaTpully B
HA3bIBACTCS NepeMHONCeHUueM ITUX MATPULL.

Matpuily 4 MOXHO YMHOXHUTh HE Ha BCAKYIO MaTpUIly B: HE00X0IUMO, YTOOBI
YHUCIIO CTOJOIOB MaTpullbl A OBUIO paBHO YHCIY CTpok wmaTtpunbl B. Oba
npousBeAeHuss A-B u B-A MOXHO ONpenenuTh JUIIb B TOM Clydae, KOrja Yucio
CTONOIOB A COBIAJAET C YUCIOM CTPOK B, YUCIO CTPOK A COBMHAAAET C YUCIOM
ctosiorioB B. Ilpu stom 06e matpuiittl A-B u B-A OyayT KBaapaTHBIMHU, HO
pa3MepHOCTH HUX OyayT, BOOOIE TOBOpS, pa3iuyHbiMH. s Toro urtoObl 00a
npousBereHust A-B u B- A He TONbKO ObUIH ONpeAesIeHbl, HO U UMEJIU OAMHAKOBYIO
pa3MepHOCTh, HEOOXOIUMO M JOCTaTOYHO, 4TOOBl 00e Matpuilbl A U B ObLn
KBaIpaTHBIMHU MaTPUILIAMH OJHOTO U TOTO K€ MOpsJIKa.

Teopema. VYwmmuoowcenue mampuy (npu ycnosuu, umo oHO onpeoeseHo)
accoyuamugHo, m. e.

(4-B)-C=4-(B-C).

JokazaTeabcTBO. UTOOBI Tpou3BeNeHUsT ObUIM BO3MOKHBI, HEOOXOIUMO,
4yTOOBI MaTpula A UMeNa pa3MEPHOCTh m>n, MaTpUlla B UMena pa3MepHOCTb nXp, a
matpuna C nmena pasmepHocTb pxr. Torna snement d, matpuusl (A-B)-C paseH
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d, Z Zaijbjk “C s a  DIIEMEHT d MaTPHUIIBI A-(B-C) paBeH

P n
k=1\_j=lI

N

)4
a; - Zbikck, . PaBenctBo d, =d BBITeKaeT M3 BO3MOKHOCTU H3MEHEHUS
j=1 \ k=l

’
dil

MOpsIJIKa CYMMHPOBAHHUS OTHOCHTEIIBHO j U K.
Teopema. Ywmnoowenue mampuy (npu ycioeuu, 4mo OHO ONpeodeseHo)
oucmpubymusHo omuocumenvHo cioxcerus mampuy, m. e. (A+ B)C=AC+ BC

um A(B+C)=AB+ AC.

Jloka3zarenbCcTBO. [l0NB3ysACh ONpENENECHUAMU NEPEMHOKEHUSA U CIIOKEHUS
MaTpull U JUCTPUOYTUBHOCTHIO YMHOKEHHUS YHCENT OTHOCUTENBHO MX CIOKEHUS,
yOexxaaeMcsi B OUEBUIHOCTU JAHHOTO YTBEPKIACHUS.

Bomnpoc 0 KOMMYTaTHBHOCTH NPOU3BEICHUS MaTpULbl 4 HA MaTpULly B uMeer
CMBICJI CTaBUThH JIMIIb JJIs1 KBAaApaTHbIX MaTpull A U B OJMHAKOBOM pPa3MEPHOCTH,
MOCKOJIBKY TOJIBKO JIJIsi Takux martpull A u B oba npousBeaeHuss AB u BA
ONPEIENICHBI U SABIISIIOTCA MaTPUIIAMU OAUHAKOBBIX MOPSIIKOB.

Jlerko yOemuThCs, YTO MPOU3BEJAEHUE JIBYX KBaJAPATHBIX MaTpHll, BOOOIIE
rOBOpsI, HEKOMMYTaTHUBHO.

01 00 10 00

JlelicTBUTENBHO, TYCTh A= , B= . Torna AB= , BA= .

00 10 00 01

Onpenenenue. FEounuynou (HE TI0 BHEIIHEMY BHUIY, a IO pPOJU B
anredpanyecko CTPYKType) HasblBaeTcs Takas warpuua FE, 4to miug Jro0oi
KBagpaTHON MaTpuipl 4 BepHO A-E=A4A wim E-A=A.

Jlerko ybOenuTbcs, YTO E€IWHCTBEHHOM TakoW MmaTpuiei Oyner Marpwuiia,
KOTOPYIK0 Mbl paHbIIE€ Ha3Bajlud E€IUHUYHONW IO BHEIIHEMY BHIY, T. €. MaTpuua
Pa3MEPHOCTH TOM K€, 4TO U A, Y KOTOPOW 3JEMEHTHI INIaBHOM JUAroHaau PaBHBI
eJMHMIIE, A BCE OCTaJIbHbIE — HYIO. JleHCTBUTENIBHO, ECIIH NIPEANOI0KHUTE, uto £’ —
Apyras eAMHUYHAS Marpuia, TOo 1o onpeneiaenuo E'=E'E=E. Ilpuuem
A-E=E-A, 1. e. matpuna E dBIseTCAd Kak JIEBOM €IUHWYHAsA, TaK U IPaBOU
€AMHUYHON MaTpUIIeH, MOCKOIbKY KOMMYTHUPYET C JIF0OOH KBaJpaTHON MaTpULIEH.

4.8. O0paTHas maTpuna

Onpenenenue. Obpamnoti K KBagpaTHOW Matpuile 4 Ha3bIBaeTCs TaKas
MaTpuia A~ TOi e pa3sMepHOCTH, uTo U A, 11 KOTopoii BepHO A-A”' =FE wnmm
A A=E.

Jlerko ybGeauThCs, YTO €ciu AJig MaTpullbl A CyIIEeCTBYeT IpaBas oOpaTHas
Matpuna B, T. e. A-B=FE, To OHa €IUHCTBEHHAs, U CYILECTBYET JieBas oOpaTHas
Matpunia C, KoTopasl coBmamaer ¢ B, T. €. B-A=FE. JlelicTBUTEIbHO, paBEHCTBA
C=CE=CAB=FEB=PB mnoka3pBaloT, 4TO BCsKas JjeBas oOparHas marpuma C
COBMAJaeT ¢ B. AHAJIOrMYHO MOKa3bIBae€TCs, YTO BCsKas mpapas oOpaTHash MaTrpuia
coBnaaaer ¢ C, a Ha OCHOBaHUM BBILLIEIOKA3aHHOTO, COBIAJIAET U C B.
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OcTascst OTKpBITBIM BOIIPOC CYIIECTBOBAaHUS OOPAaTHON MaTpPHUIIbI.

Onpepesenue. Hesvipoorcoennoli Ha3bIBAa€TCSI MATPHUILA, ONPEAEIINUTEND
KOTOPOM OTJIMYEH OT HYJIS.

Teopema. Obpamnas mampuya cywecmseyem y HeGbIPONCOEHHbIX MAMPUY U
MONILKO Y HUX.

Joka3arenbcTBo. Ilycth Marpunia 4 — HEBBIPOKIAEHHAS, T. €. ‘A‘ #0. Torna

CYLIECTBYET MaTpHIIa

Ay Ay A,
44 4
Ay Ap Ay
B=| |4 |4 |4 ],
4, 4, 4,
‘A ‘A ‘A
rae A, — aneebpauueckoe Oonoinenue DBIEMCHTa d,, ONpPEICISIEMOC Kak

)

Al.j=(—1)’+-’ M, rne M, — muHOp dnemMeHTa g . [lokaxem, 4T0 MaTpuia B sBIseTCs

oOpaTHoO# 1151 A, T. €. MaTpuua C=4AB enuHUYHas.

1 ..
—-|A4|=1, ecmni=j,
Gy = Zaikb/g- =;Zaﬂc4ﬂc |
= 4= - o
—-|4|=0,ecnu i # j,
4]
TMOCKOJIBKY MaTpuia A HMMEeT JBEe OXMHAKOBBIX CTPOKH (..., i, 0; s y,) -

Takum obpazom, C=E.
OpauH 13 crnoco0OB BEIUKCIEHUSI 00PAaTHOM MaTpHUILIbI CIIE YOI,
1. CoctaBuTh pacmupeHHyo matpuny (A4|E), npunucaB mociie MaTpuilbl 4 3a
BEPTUKAILHON YepTOM €IMHUYHYIO MAaTPUILy TOH K€ pa3MEpPHOCTH, 4TO U A.
2. Matpunty (A|E) ¢ TIOMONIBIO 3JIEMEHTApHBIX MPEeoOpPa30BaHUIl CTPOK
IIPUBECTH K CTynleHYaToMy Buay l'aycca.
Ecoim mpu stom Ha mecte MaTpuubl A noiaydwiach martpuna £, To 3a

V) V) -1
BCPTUKAJIBHON YCPTOHU HAXOAUTCA MaTpuIa A . B IMPOTUBHOM CJIy4dac ‘A‘:O u

Matpuiia 4 ' He CyIecTBYeT.

4.9. Cucrembl JMHEHHBIX YPABHECHUMN

Onpeneaenune. Cucmemou 1uHeUHbIX YPAGHEHUL, COCTOSIIENA U3 M ypaBHEHUN
C 7 HEM3BECTHBIMH X, ,..., X, , HA3bIBAETCS CUCTEMA BHJA
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a,x+..+a, x =b

m?2

rue a,,...,a,, ,b,...,b, — HEKOTOpbIE Ynca.

> mn? m

Onpenenaenune. Mampuyeti cucmemsbl HA3bIBACTCS MaTPUIIA

all aln
A=
ml T amn
Onpenenenue. Cmoabyom c60600HbIX UleH08 HA3BIBACTCSI BEKTOP-CTOIOECI]
bl
b=
bm
Onpenenenue. Cmondbyom Heuzgecmmusix Ha3bIBACTCS BEKTOP-CTOI0CI
xl
X=
X

n

Torna B mampuunoii 3anucu cucreMa JIUHEMHBIX YPaBHEHMH MOXET OBIThH

3amnucaHa B BUae Ax =5~ .
Onpenenaenune. Pacwupennon mampuyer cucmemsl HA3bIBACTCA MAaTPUIIA,
MOJTyYeHHasl MPUIMHUCHIBAHUEM K A cCOpaBa TOCJE€ BEPTUKAIBHOM YepThl CTOJOIA

CBOGO/HBIX WICHOB b , 0003HAUaEMast (A| b).

Omnpenenenue. CucrteMa JIUHEHWHBIX YpPaBHCHUN HA3bIBACTCS 0OHOPOOHOIU,
€ClIM CBOOOJIHBIE WICHBI BCEX €€ YpPaBHCHUW PaBHBI HYJIIO, U HEOOHOPOOHOU — B
MIPOTUBHOM CJy4ae.

Onpenenenue. Pewenuem CUCTEMBl JIMHEWMHBIX YpPaBHEHHUI Ha3bIBACTCS
yIOPSIOYEHHBIN Ha0Op # YKceN (n-MEpPHBIH BEKTOP-CTONOEI) & , IPU MOJACTAaHOBKE
KOTOPOT'O B CUCTEMY JIMHEWHBIX YPABHEHUIH BMECTO X MOJy4a€M CUCTEMY TOXKJIECTB.

Onpenenenue. OoOwum pewenuem CUCTEMbl JUHEHWHBIX  ypaBHEHUU
HAa3bIBAETCSI COBOKYITHOCTh BCEX €€ PEIICHUM.

Onpenenenne. Cucrema JMHEWHBIX YpPaBHEHUN HA3bIBACTCS COBMECHIHOU,
€CJIM OHA UMEET XOTS Obl OIHO PEIICHUE, U HeCO8MeCMHOU — B IPOTUBHOM CJIyvae.

4.10. CnenuajbHbIN cJIy4ai

PaccMOTpuM CHCTEMBI JIMHEMHBIX YpPaBHEHHUM C KBaJAPAaTHOM MATPULEH,
OIpEAEIUTENb KOTOPOU HEPABEH HYIIIO.

Teopema (mpaBuio Kpamepa). Cucmema us n ypagnenuti ¢ n Heuzgecmuuimu
8 cryyae, Ko20a ONpedeIumenb Mampuyvbl CUCMEMbl OMIAUYEH Om HYIA, UMeem
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peuterue, U nPpUmMomM moJbkKo 00HO. Mo peuleHue Haxooumces no opmynam

1

A,
X, :Kl (Oons 6cex i=1,...,n),

20e uepez A 0003Hauen onpedenumenb Mampuyvl cucmemvl, a uepez A, —

onpeodenumens MAmMpuybl, NOJYYEHHOU U3 MAMPULYLL CUCEMbL 3AMEHOT [-20 CMOoI0Ya
CcMonOYOM C80O0OHBIX YNCHOB.

Jloka3aTeJbCTBO. Bo3bMEM pacIIMpEHHYIO MATPHILy CUCTEMBI U TIPUITUIIIEM K
Hel CBEpXy MPOM3BOJBHYIO €€ CTPOKY, HampuMmep j-i0. B pesynabTaTe MOTyduTCs
KBaJIpaTHas Marpuia mnopsaka n+1. B 3Toil maTpuiie IBe OJWHAKOBBIC CTPOKH, H
MIO3TOMY €€ OIPEACIIUTEIb PABEH HYJIIO:

4 a;, b,
al 1 al n bl =O
anl arm bn

PacknaapiBasi onpeaeuTelNb Mo MepBoi CTPOKE, UMEEM

n
i+l n+1+1 _
D D)Ma M +(-1)""hA=0,
i=1
rne M ; — OIIPCACIUTCIIb MaTPHULIBI, HOqueHHOfI n3 paCHIHpeHHOﬁ MaTpUIbl CUCTCMBbI
BBIYEPKUBAHUEM I-TO croioOia. Torma

D (=D)"a,M, =(=1)"bA.
i=1

ITockonbky A # (0, MOXXHO HanucaTh

Z(_ 1)i+”l a_jiMi n (_ 1)i+nM
i=] _ i
b Ya o e,
n _1 l'+}’lM.
OTKY/la, CPaBHUBAS C Za X, =b,, nenaem BBIBO, UTO X, = % (i=L..,n)
i=1

YIAOBJIETBOPAIOT j-MY YPaBHEHHIO CHUCTEMBI. IIOCKONBKY BBIpaXKEHHS UId X, HE
3aBUCAT OT j, TO OHHM YJIOBJIETBOPSAIOT BCEM YPAaBHEHMSIM CHCTEMBI. TeM caMbIM
CYIIECTBOBAHUE PpEIIEHUs J0KazaHo. YumtwiBas, urto M, =(—1)""A,, nomyuaem
HYKHBIN BUJ 11 popmyn Kpamepa:

Ocranocek J0Ka3aTh €IUHCTBEHHOCTh MOJYYEHHOTO pemeHud. [Ipeanonoxum,
ecTb 1Ba pemeHus ¢ u [ . [loacTaBuM 3TH pelueHus B cucremy: Ad =b u AB=b.
Tornma

Ad=AB = A'4d=A"Ap <> EGd=Ef < d=p,
MOCKOJIBKY ~ CYILIECTBOBaHME OOpaTHOM MAaTpUIbl TapaHTUPYETCS HEHYJIEBBIM
ONpeeNnTENEM MaTPULIbI A.

83



n
Taxke cucTeMbl JIMHEHMHBIX YypaBHEHUU Za e zbj (=1,2,....m) ¢

i=1
KBaJpaTHOW MATPULEH, ONpPEAECIUTENb KOTOPOM HEPAaBEH HYJIO, MOXHO pelIaTh C
MOMOIIBIO HAXOXJEHUs OOpaTHOM MaTpullpl, WIH, APYTMMH CIOBaMHU, pelas

MaTpUIHOE asuerne Ax=b. Ilockonbky |A4 #0, obparHas wmarpuma A
Y yp y P P

— -17
cymectByeT. [loaToMy X = A~ b — pelieHUue CUCTEMBI.

4.11. Kpurepuii COBMeCTHOCTH

BepHemcst kK IpOU3BOIBHOM CHCTEME 71 yPaBHEHUH C 77 HEM3BECTHBIMU.

Teopema (Kponekep - Kamemum). Cucmema nuneiinvlx ypasHeHuu
co8MecmHa mo20a U MOAbKO mo20d, K020a paHe ee Mampuybl pAageH paHay
PACUUPEHHOU MAMPUYbI.

Jloka3zatenbcTBO. [lokakeM, 9TO ecinm K MaTpUIlE CHUCTEMBI TPUMEHHUTH
aJIEMEHTapHOe MpeoOpa3oBaHUE CTPOK, TO CHCTEMa, COOTBETCTBYIOMIAS TIOTyUYECHHOM
MaTpulle, Oy/IeT paBHOCHIIbHA U3HAYAIBHON CUCTEME.

DneMeHTapHOMY TpeoOpa3oBaHUIO TMEPBOTO THMA COOTBETCTBYET IMEpEeMEHA
MECTaMH JBYX ypaBHEHHU cucTeMbl. O4eBUIHO, HOBasl cucTeMa OyleT paBHOCHIIbHA
CTapOWu.

DneMeHTapHOMY MPeoOpa3oBaHUIO BTOPOTO THIA COOTBETCTBYET 3aMEHA
OJTHOM W3 CTPOK (HampuMep i-i) CUCTEMBI Ha CYMMY 9TOH CTPOKH M JPYTOd CTPOKH
(HampuMmep j-i) cUCTEMbl, YMHOXEHHOM Ha Kakoe-T1M00o uuciao (Hampumep A).
[TockonbKy OT HOBOM CHCTEMBI K CTapOl TaK)Ke€ MOKHO MIEPEUTH C TOMOIIBIO OJTHOTO
npeoOpa3oBaHusi CTPOK BTOPOr'O0 THIA, TO JOCTATOYHO IIOKa3aTh, YTO BCAKOE
pewieHue crapoil cucremsl Oyner pemenueM HoBou. Ilycte (,...,cr,)— peleHue

ctapoii cucteMbl. COMHEHHE MOXKET BbI3BaTh TOJIBKO i-€ YPaBHEHHUE HOBOW CHCTEMBI.
OnHako BBIKIAAKHA
(a, + )uajl)oc1 +...+(a, + /lajn)an = (a0, +...+a,o, )+
+Aa, o +...+a,a,)=b + Ab,

paccenBarOT 3TO COMHEHHUE.

DneMeHTapHOMY MPe0oOpa30BaHUIO TPETHETO THUIA COOTBETCTBYET YMHOKECHHUE
KaKON-HUOY/Ah CTPOKM CHUCTEMBbl Ha HEHyJeBoe uuciio. OueBUAHO, HOBasg CHUCTEMa
OyJeT paBHOCHUJIbHA CTapOH.

Tenepp mpuUBenEM PACIIMPEHHYIO MATPUIy CUCTEMY K CTYIIEHYATOMY BHUIY
l'aycca. IlockoapKy mpu 3TOM CTOJOIBI HE MEHSJIUCh MECTaMH, TO TEM CaMbIM
OKa3zajiach TMPHUBEACHHOM K CTyNeHYaTOMy BHJIY M MaTpulia (HepaclulupeHHas)
cuctembl. CucTtema, COOTBETCTBYIOIIAS CTYIIEHYATOMY BUAY PACIIMPEHHON MaTPUIIBI,
PaBHOCHWJIbHA U3HAYAILHOW CUCTEME.

Bo3moxkHBI 1Ba cirydasi.

I. CymecTByeT CTpoka B CTYNEHYATOM BHJI€ PACIIUPEHHON MAaTpHllbl, B
KOTOPOM OMOPHBIM 3JIEMEHT HaXOJHUTCS B CTOJIONE CBOOOIHBIX WieHOB. OYEeBUIHO,
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YTO pacIIUpeHHash MaTpHlla UMEET PaHr, Ha €IUHUILY OONBIINUM, YEM PAHT MaTPHIIbI
cucteMbl. C Ipyroii CTOPOHBI, COOTBETCTBYIOLIEE TAKOM CTPOKE YPABHEHHE CHCTEMBI
pELICHUN HE UMeeT.

2. Ecnm yka3aHHOHM CTPOKHU HET, TO PAHT PACIIMPEHHON MaTpULIBI PABEH PAHTY
MaTpuipl cuctemsl. IlokaxeMm, 4To B 3TOM cilyyae cucteMa coBMmecTHa. IlycTh paHr
paBeH 7, a ONOPHBIE 3JIEMEHTHI PACIIONIAraloTCsl B CTOJIOLAX C HOMepamH k,....k.,

npuaeM 1<k <k, <..<k <n. Torma HEU3BECTHBIC X, ,...,X;, MONCHO O0OBAGUMb

enasuvimu (6aA3UCHbIMU), @ OCTATIBHBIE MOJNCHO 00bsa8UmMb c80000HbIMU. KpoMe TOTO,
OTOpPOCHM YpaBHEHHUS TOJYYCHHOW CHCTEMBI, COOTBETCTBYIOIIUE HYJIEBBIM CTPOKAM
B CTymeHYaToM BHjJe laycca pacIIMpEHHOHW MAaTpHIBl, YTO JAeT CHUCTEMY,
PaBHOCWIBHYIO HUCXOJHOW. IlepeHecss cBOOOIHBIC HEW3BECTHBIC B IPABYIO YacTh,
MIPUJIEM K CUCTEME

rac 4cpes Ll. 0003HaYecHa CyMMa CBO6OI[HBIX HCU3BCCTHBIX, YMHOXCHHBIX Ha

cTodIMe nepes HUMU KodppuuuenTsl i-ro ypaBHeHus. [lockonbky korhuimeHTs!
Ay 5++s @y, OTJIMYHBI OT HYJISA, TO NPU OTCYTCTBMM CBOOOJHBIX MEPEMEHHBIX UMEEM

€MHCTBEHHOE pelleHre, a MPU HAJIWYUU CBOOOJIHBIX MEPEMEHHBIX, MpHUAaBas UM
pa3IvyHbIC 3HAYCHUS, OJIHO3HAYHO OINPEACIAEM TIJIaBHbIE HEWU3BECTHBIE U, TEM
caMbIM, UMeeM OeCKOHEYHO MHOTro pemieHui. [lpumgaBas cBoOOIHBIM NEPEMEHHBIM
BCEBO3MOYKHBIE 3HAUYCHUS, TTOJTYYUM OOIIIee PEIICHUE CUCTEMBI.

Takum oOpa3zom, cucTeMa HMEET €IMHCTBEHHOE pelleHHe, KOorja paHr ee
MaTpULbl PABEH PAHTY €€ PACIIUPEHHOW MATPHUIIbl U YUCIY HEU3BECTHBIX U MEHBIIIE
WJIU PaBEH YUCIY YPaBHEHUH, T. €. OTCYTCTBYIOT CBOOOIHBIC HEU3BECTHBIE.

[Ipu pokazarensctBe Teopembl Kponekepa — Kamemiu obmiee peieHue
COBMECTHOM CHCTEMBI OBLIO TMOJY4E€HO METOJIOM, KOTOPBIA HAa3bIBAETCSA Memoo
Taycca.

1. COCTaBHTh pacIIMPEHHYI0 MaTpHILy (A|b ) ¥ IPUBECTH ee K CTYIEHIATOMY
BUJY C TIOMOIIIBIO 3JIEMEHTAPHBIX MPE0OPa30BaAHUI CTPOK.

a) Ecnu cymecTByeT cTpoka B CTyNEHYaTOM BUJE PACUIUPEHHOW MaTpULIbI,
B KOTOPOW OMOPHBIN 3JIEMEHT HAXOAUTCS B CTOJIOIE CBOOOIHBIX YIEHOB, TO CUCTEMA
HECOBMECTHA U PEUIEHHE OKOHYEHO.

6) Ecimu Takoit CTpoku HET, TO CHUCTEMa COBMECTHA, TIJIABHBIMU
MEPEMEHHBIMH OOBSIBISIEM TE, KOTOPbIE COOTBETCTBYIOT Oa3MCHBIM CTOJOLIAM, a
OCTaJIbHbIE MIEPEMEHHbIE O0BSABIIIEM CBOOOHBIMHU.

2. IlpuBectu cTyneHYaTy0 MaTpuIly K cTyneHdaromy Buay ["aycca.
3. Hamucarp cucremy JWMHEHHBIX YpaBHEHHH, COOTBETCTBYIOIIYIO MaTpHIIE,
IOCTPOECHHOM Ha 1m1are 2, 0003Ha4uB CBOOOIHbIE HEU3BECTHBIE uncinamu C,,...,C, .

4, BBIpaBI/ITB nu3 HOHy‘IeHHOﬁ CUCTCMbI TJIaBHBIC HCU3BCCTHBLIC HYCPC3
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CBOOOJIHBIC.
5. 3amnucath ollee perieHrue B BUIe x; = fj(Cl,...,Ck), j=1...,n.

4.12. OnHOpPOaHBIE CUCTEMBbI

JluneliHast omHOpOJHAs CHUCTEMa alreOpanvyecKMX YpaBHEHHH Bcerna
COBMECTHA, TaK KaK BCErga MMEET HyJIeBOE€ pelleHue x,=x,=..=x, =0,

Ha3bIBAEMOE€ TpPUBHAIBHBIM. [l03TOMYy WHTEPECHO BBISICHUTH, KOTJa HWMEIOTCS
HETPUBUAJIBHBIE PEIICHHUS.

Teopema. Jluwnetinas o00HOpoOHas cucmema aneedOpPAUEcKUx YpPasHeHUll
UMeem HempusudaibHble peuleHus moaoa U moabKo mozod, Ko20d ee pamne MeHvlule
YUCIIA HeU3BECMHbIX.

Joka3zarenbcTBO. [IpuBeaeM JaHHYIO OJJHOPOJHYIO CUCTEMY K CTYIIEHUYAaTOMY
Buay. O4eBHIHO, OHA MIPU 3TOM OCTAHETCS OAHOPOAHOU. Takke sSICHO, UTO YMCIIO
IJIaBHBIX HEW3BECTHBIX paBHO paHry cuctembl. ClenoBaTelbHO, CYIIECTBYIOT
CBOOOJ/IHBIC HEU3BECTHBIC, YTO B COOTBETCTBHMU C MeTOAoM ['aycca obecreumBaeT
CYIIIECTBOBAHHE HEHYJIEBBIX PEILICHUM.

Teopema. Jluuetinas oonopoouas cucmema aneeOpauyeckKux yYpagHeHuil, y
KOMOPOU YUCNO YPABHEHUU PABHO HYUCTY HEeU3BECMHbLIX, UMeem Hempueuaibtovle
peuteruss moz20a u MmoabKo moeod, Ko2oa onpeoeiumend ee Mampuybl paseH Hyio.

Joka3zareabcTBO. JluHeliHas  OJHOpOJHAs  CHCTeMa  alureOpanyuecKux
YpaBHEHUN UMEET HETPUBHAIBHBIC PEIICHUS TOTJA M TOJBKO TOTJa, KOrJa €€ paHr
MEHBIIIE YHCJIa HEU3BECTHBIX, a 3HAUYUT MEHBIIE 4YHCIa CTPOK. Takum oOpaszom,
JUHEWHO HE3aBHUCUMBIX CTPOK MEHbIIe OOIIEro 4Yuciia CTPOK, T. €. BCE CTPOKHU
MaTpUIIbl OyyT JMHEHHO 3aBUCUMBI. TOT/1a ONpeeIuTEIh MATPHUIILI paBEH HYIIIO.

Onpenenenue. JlunetinviM  8eKMOPHBLIM — NPOCMPAHCIMEOM  HA3bIBACTCS

MHOXECTBO 3JIEMEHTOB d,b,C,... (Ha3bIBaGMBIX 6ekmopamu) J000H NPUPOABI C

BBCACHHBIMH HAJA HHUMHU OICPAIUAMHU CJHAOHCEHUA N YMHOINCEHUA HA HUCTIO0, CCIIU
BBIIIOJIHCHBI TPH YCIIOBUA:

I. meeTcst nmpaBuiio, mocpeCTBOM KOTOPOTO JIFOOBIM JIBYM 3JIEMEHTaM d U b
MHO)XECTBA CTaBUTCS B COOTBETCTBUE TPETUM BIEMEHT C 3TOr0 MHOXKECTBA,

Ha3bIBaeMbIi cymmot (0603HaUeHue ¢ =a+b).
II. Wmeercss mpaBWio, TOCPEACTBOM KOTOPOTO JIFOOOMY DJJIEMEHTY d
MHOXECTBA M JIIOOOMY JEWCTBUTEIBHOMY YHCIY A CTaBUTCS B COOTBETCTBHE

BJIEMEHT d 3TOr0 MHOXECTBA, Ha3bIBAEMBIN npouseedenuem siemenma d Ha Hucio
A (o6o3nauecHue d = Aa).
I11. Yka3auuble [Ba MpaBuja MOAYMHEHBI CJACAYIOIIMM BOCBMU aKCHOMAaM:

Ceoticmea cloicenust 6eKmopos:

—

. Va,b:a+b =>b+a (KOMMyTaTUBHOCTb CIIOXKEHUS).
+

1
2.Va,b,c:a (b +c ) = (Zi +b ) + ¢ (acconuaTuBHOCTH CJIIOKEHHUS ).
3

86



—

4. Va:a+(-a)=0.
Csoticmea yMHOMCEHUSI BeKMOPA HA YUCTO:

5.Va;Va,BeR: (aﬁ)& =a (ﬁ?z) (accolMaTUBHOCTb).

6. Va;Va,B R :(Oc + ﬁ)ﬁ =adad + fa (mucTpuOyTUBHOCTH MO OTHOIIEHUIO K

CJIOXKCHUIO IICfICTBHT@JIBHBIX I'II/ICC.II).

7. Ya,b;YaeR: a(Ei +b ) —ad+ab (IuCTpUOYTUBHOCTH IO OTHOIIEHUIO K

CJIOEHUIO BEKTOPOB).
8. Va:l-a=a .
Teopema. Mnoowcecmeo  pewienuti  auHelUHOU  OOHOPOOHOU  CUCHEMbL
aneebpauyeckux ypasHeHuil A8s1emcs JTUHEHbIM 86eKMOPHbIM NPOCMPAHCIBOM.
Jloka3atesbcTBO. [10CKONIBKY perieHrss MOKHO paccMaTpUBaTh KaKk BEKTOPHI
M HYJEBOW BEKTOp BCerja MPUHAMIEIKUT MHOXKECTBY PEIICHUN, JIOCTAaTOYHO

NpoBEpUTH JIMHEHHOCTB. Ilycth o =(q,...,a,) H B =(B,,---.B,) — nBa perlieHus

OXHOPOHOH crcTeMsl. ITokakeM, 910 ¢ + § U Ad — TOXKe PElICHHUs STOi CHCTEMBL.
J1J1st 3TOTO MO/ICTaBUM HX B i-€ YPaBHEHHE CUCTEMBbI:
a,(o,+p)+...+a,(a,+p,)=(a,e +..+a,a,)+(a,p +..+a,p,) =0,
a,(Aa)+..+a,(Aa,)=Aa,a, +...+a,a,)=10=0.

Teopema. [lpocmpancmeo peweHuti IUHEUHOU OOHOPOOHOU CUCHEMbL
aneebpauyeckux YpasHeHulli ¢ N HeUu38eCmHuIMU U Mampuyel paHed v umeem
pasmepHocmo k=n—r.

JlokazaTeabcTBO. B coorBeTcTBUU ¢ MeTonoM [aycca, B 00IIieM pelieHHH
CBOOOJHBIE TEPEMEHHbIE MOTYT MpPUHUMATh MPOU3BOJIbHBIE 3HAYEHUS, HX
KOJIMYECTBO PaBHO k=n—r, a TJIaBHbIE MIEPEMEHHbBIE OINPEACIIAIOTCS Yepe3 CBOOOIHbIE
OJIHO3HAYHO.

Torma mo6oit ynopsiiodeHHbIH HAOOp M3 k=n—r JIMHEMHO HE3aBUCUMBIX
pELICHUI OJJHOPOAHON CUCTEMBI 00pa3yeT H6a3uc B MPOCTPAHCTBE PEIICHUIA.

Onpenenenue. DynoameHmanvbHoOU  cUCmMeMol  pewieHuli  JTUHEHHOU
OJTHOPOJHOM CHCTeMBbl alNreOpanyecKuX ypaBHEHMH Ha3biBaeTca 0Oa3uc B
IIPOCTPAHCTBE PELICHUN ITON CUCTEMBI.

Oco00 BBIIEHAIOT (PYHIAMEHTAJbHYIO CHCTEMY pELIEHUH, COCTOSIIYI0 U3
BEKTOP-CTOJIOLOB €,,...,€, , HOTY4aeMbIX U3 OOLIETO PEIIECHHs OJHOPOIHONW CHCTEMBI

IOJICTAHOBKOM BMECTO BEKTOpa CBOOOAHBIX Heus3BeCTHBIX (C,...,C,) moodepenHo
CJIEIYIOUINX BEKTOPOB
1,0,...,0), (0,1,0,...,0), ... ,(0,...,0,1).
C wucnonb3oBaHueM HToW (yHIAMEHTAIbHOM CHCTEMBl peleHUul oOlee
pellleHne OAHOPOAHOM CHCTeMbl 3amuchiBacTcs B Buae x=Ce¢ +..+Ce,, rae
C,,...,C, — IpOU3BOJIbHBIE KOHCTAHTBHI.

Teopema. Obwee pewienue coémecmHoOU HEOOHOPOOHOU CUCHEMbl DABHO
CyMMe ee YACMHO20 peuleHus U 00wWe2o peuleHus coomeemcmayouel 0OHOPOOHOU
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cucmembl.

JlokazarenbeTBo. [lokaskem, yTOo cyMMa J11000ro pemeHus HEOJIHOPOTHOU
CHUCTEMBl W JII0OOOTO pEIICHUST COOTBETCTBYIOMIEH OMHOPOJHOW CHCTEMBI €CTh
pemieHne HeogHOpoaHoil cucteMsl. Ilyets o =(q,...,a,) u B=(f,...B,) -

pEIICHHS OJHOPOJHOW W HEOJHOPOIHOW CHCTEM, COOTBETCTBeHHO. IlojmcraBiisist B
mo0oe (HampuMmep, B i-€) ypaBHEHHE HEOJHOPOJHOW CHCTEMbI Ha MECTO
HEU3BECTHBIX CyMMY ATUX PCIICHHIA, noJry4aem

Za"f'(ai +h)= Zal_.jaj + Zay‘ﬁj =0+b =b,.
J=1 j=1 j=1

Tenepb MmokakeM, 4TO Pa3HOCTh ABYX MPOU3BOJIBHBIX PEIICHUA HEOIHOPOTHON
CUCTEMBI SIBISICTCS PEIICHHEM COOTBETCTBYIOMIECH OJHOPOIHON cucTeMbl. IlycTh
B=( B B,) 1 ¥ =(¥,,...,7,) — ABa pELICHUs HEONHOPOIHOMU cucTeMsl. [loacramusis
B JIt000O€ (Hampumep, B i-€) ypaBHEHHE OJTHOPOJTHOM CUCTEMBI Ha MECTO HEU3BECTHBIX

n n n
Pa3HOCTb ITUX PEUICHUH, M10JIy4aeM Zaij B,-r,)= Zay B+ Zay.j/j =b —b =0.

J= J=1 J=1
U3 JOKa3aHHOI'O BBITCKACT, YTO, Haﬁ):[ﬂ OJHO PCIOCHHC HGOI[HOpOI[HOﬁ
CUCTCMbI U CKJIabIBasA Cro C KaXXIbIM PCHICHUCM COOTBCTCTBYIOH.IGﬁ OI[HOpOI[HOﬁ
CUCTCMBbI, MbI ITIOJIYYUM BCC PCIICHHA HCOHHOpOHHOﬁ CHUCTCMBEI.

4.13. Pemienue 3a1a4 Ha MATPUIIbI, ONIPeAeIUTEIN, CHCTEMBI

1 2 3 4
Ilpumep 1. IlpuBectn maTpuly (1) g 41‘ 2 K CTYNIEHYaTOMY BUIY
2 40 -4
["aycca. YUemy paBeH ee panr. Haiitu 0a3ucHbI MUHOD.
I 2 3 4)3\-1 2 1 2 3 4
Pewmenue. 012 - 00l s 6—)
12 4 6| 00 1 2|
2 40 4, v 00 -6 -12) V
123 4N\ (1 20 -2
0 01 2|3 0 01 2
- - — cryneHuyarsli Buj ['aycca. Panr
0 00O 0 0 0 O
0 00O 0 0 0 O

paBeH 2 (YUCJIO HEHYJIEBBIX CTPOK B CTYNEHYATOM BHJE), OA3UCHBIMU CTPOKAMHU
MOXXHO 00BABUTH 1 W 2 (mepeuieniye B HEHYyJEBbIe), 0a3uCHbIMU cToOUamMu 1 u 3
(conmepskaiue B CTYNEHYATOM BHJE IEPBbIE CJIEBA HEHYJIEBBIE AJIEMEHTBI CTPOK).
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I 3
Torz[a B KayecTBE 0a3MCHOIO MHUHOpPA MOXHO B3ATb (O | (COCTOI/IT n3 3JICMCHTOB

HayajJbHOU MaTpHlbl, CTOAINNX HA IICPECCUCHNUN 0a3MCHBIX CTPOK 1 CTOH6HOB).

2 -1 1 0
0 1 2 -1
IIpumep 2. BerunciuTh onpenennuTensb .
3 -1 2 3
3 1 6
2 -1 1 0 2 -1 1 0
p o 1 2 -3 1 |0 1 2 -1 0
eleHue. = =(, TaK KaK COJICP)KUT JIBE
3 .12 3l B 28 0 P
31 6 v 3 8 0
OJIMHAKOBBIX CTPOKHU.
2 3 41
4 -2 3 2
IIpumep 3. Beruucnuth onpenennuTenb i L1 oo
3 -1 4 3
2 34 1 2 -1 2 1
4 -2 3 214 2 -1 2
Pemenne. 1 -1 1 0 :1 0 0O O :(pacmanHBaeM 1o TpeTBeﬁ
3 -1 4 3 3 2 1 3
1/
-1 /
-1 2 1 N |50 -5
ctpoke)=[2 -1 2|\ =4 0 5|=(packiagpiBacM o BTOPOMY
2 1 31 =2 (2 1 3
CTOJI6I_Iy)=—‘_4 _5=—(—25+20)=5.

1 23
IIpumep 4. IlepeMHOKUTH MAaTPULIBI (3 5 1] 3

1 2
1 2 3 1-1+2-3+3-2 1-2+2-3+3-1 13 11
Pemnenne. 3 3|= = .
321 31423412 3-242-3+1-1 11 13
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1 -1 -2 -2
IIpumep S. Pemnth MaTpUYHOE ypaBHEHHE ( 5 3 ]X :( . g j

-2 3 7 8

1 —-1]1 0)2 1 =11 0\N\ 1 03 1 .
. —> —> . oraa
MATPHILY 2 30 1) o 12 1)1 Lo 12 1 8
3 1) (=2 =2 1 2
X: . = .
2 1)\ 7 8 3 4

IIpumep S. Pemmts cucremy no npasmiry Kpamepa: 3x, —x, =1

1 -1\ (=2 =2
Pemenune. Ilockonbky X :( ] ( ], TO HaijeM O0OpaTHYIO

x +2x,=1

4x, —x, +3x;, =1

1 0 2
Pemenne. A=|3 -1 0|=-3-6+8=-1;
4 -1 3
1 0 2
A=l -1 0=-3-2+2=-3, x,=3;
1 -1 3
11 2
A,=|3 1 0[=3+6-8-9=-8, x,=8;
41 3
1 0 1
A,=[3 -1 1|=-1-3+4+1=1, x,=-1.
4 -1 1

IIpumep 6. MccnenoBath Ha COBMECTHOCTb U PEIIUTH CUCTEMY
2x, +7x,+3x; +x,=6
3x,+5x, +2x;, +2x, =4.
Ox, +4x, +x,+7x, =2

Pemenne. HpI/IBCIICM pacIMPpCHHYIO MaTpully CHUCTCMBI K CTYIICHYATOMY

2 7 3 161 (2 7 3 1]6 1 =2 -1 1]-2)-2-9
Buay: |3 5 2 2/ —>|1 2 -1 1|2Y>|2 7 3 1|6 ¥ —
9 4 1 172 9 4 1 7|2 9 4 1 7|2 v
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1 -2 -1 112 1 =2 -1 1]=2
>0 11 5 -—1l10|-2—=|0 11 5 =110 |1/11—>
0 22 10 =220/ 0 0 0 0]0

(mo Teopeme Kponekepa — Kanennu cucrema coBMECTHA)
1 -2 -1 1 -2 N\ 1 0 —-1/11 9/11|-2/11
-0 1 5/11 -1/1140/11({2 -0 1 5/11 —-1/11j]10/11 |.

0 0 0 0 0 00 0 0 0
1 9 2
X\ ——X+t—Xx, =——
C _ 11 11 11
OOTBCTCTBYIOH_IaSI CUucTrema HUMCECECT BUO: 1 1 0 NJIn
X, +—X,——X, =—
117 o1t 1
1 9 2
X, =—X;——X, ——
1177 11 11
i 10° Torpa oO1ee peurenue CUCTEMBI Ooyner
X, =——X;+—X, +—
o117 11t
ot 9.2
1t o1t
vom—2e e 10
2 11 1 11 2 11 , TC C] nu 02 —HpOI/IBBOJIBHBIe qucia.
Xy =G
X, =c,

Ipumep 7. Hailtu ¢QyHIaMeHTaIbHYI0 CHUCTEMY pEHICHUH OJHOPOAHOM
5x,+3x, +2x;,—4x,=0

CUCTEMBI | 4x, +2x, +3x;, —6x,=0
17x, +11x, +4x, —8x, =0
Penienne. HpI/IBeIIeM MaTpuly CUCTEMBI K CTYIICHYATOMY BUAY:
5 3 2 4N\ (1 1 -1 2\4 -17
4 2 3 —6|-1/4 2 3 6|/ —
17 11 4 -8 17 11 4 -8 v
1 1 -1 2 1 1 -1 2
—>|0 2 7 -14|-35|0 2 7 -l4|(-1/2)>
0 6 21 42) (0 0 0 O
11 -1 23\ (1 0 25 -5
—>|0 1 =35 7|-1>|0 1 -3,5 7
00 0 0 00 0 O
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X +2,5x%,-5x,=0
CooTBercTByIOIIass ~ CHCTEMa  UMEET  BUA! WIN
x,—3,5x,+7x,=0

x, =-2,5¢,+5¢,
x, =-2,5x, + 5x, x, =3,5¢, = Tc,
. Torna ob1uee penieHne cucTeMsl OyaeT ,TIe ¢
x,=3,5x,-7x, X, =c
X, =c,

H ¢, — IPONU3BOJILHBIC YHCJIA. Tor):[a q)YHI[aMCHTaJIBHy}O CUCTCMY peH_ICHI/II\/JI MO>XHO
B3sTh Takylo: € =(-2,5;3,5;1;0), ¢, =(5;-7,5;0;1).
4.14. 3agaum 1151 CAMOCTOSAITEJILHOTO PelleHu st

3amaya 1. Haiitu panr wmatpuipbl. Kakoil ee MHHOp MOXHO OOBSBUTH
0a3ucHbIM?

-1 -2 1 -2 4 21 -3 -1
a)l3 4 1 1 7 0)|3 1 -1 -21;
10 -2 -1 8 2 51 -1 3 4
2 1 3 1 2 3
I -1 1 4 5 6
B)|-1 O 1§ |7 8 9
I 0 4 10 11 12
2 0 3 13 14 15
3anaya 2. BeIUKMCIUTE ONPEICTUTEIIN:
s 7 - 2 1 3 3 4 -5
a)‘2 3; 6)‘2 4; B) |5 3 2; 8 7 -2
1 4 3 2 -1 8
3amava 3. BeluuciauTh onpeaeanuTeNu:
I 1 1 1 0 1 1 1 2 =5 1 2 -3 9 3 6
a)l -1 1 1;6)1 0 1 I;B)—3 7 -1 4;r)_5 g8 2 7-
I 1 -1 1 I 1 0 1 5 -9 2 7 4 -5 -3 2
I 1 1 -1 1 1T 10 4 -6 1 2 7 -8 -4 -5
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6)

1
2
3
2
1

24
51
61
62
80

3

S O N = W N

\S B )

—_ = = = TS 0o W

3anaua 4. BeluuciauTe onpeaeanuTeN:

2 3 4 5 3 6 5
3 7 10 13 5 9 7
5 11 16 21; 6)6 12 13
=7 7 7 2 4 6 6
4 5 3 10 2 5 4
11 13 17 19 35 59 71
13 32 40 46 42 70 77
11 14 50 56|; r) |43 68 72
20 7 13 52 29 49 65
24 45 57 70 34 111 70
3anaua S. [lepeMHOXUTH MaTPHULIbI:
-4 5 3 29
1 5 3
-3 1|12 19]; 0) .
2 =3 1
-5 -1){0 -3
2 0 01 1 O O 1 1 0
1 0 O0j|]1 1 O O ) 1 20
. ; I‘
O 1 3{]{0 0 1 -1 0 0 3
0 3 1 0 0 -1 1 0 0 1
3agauya 6. BrInoJIHUTE IENCTBUA:
1 -2 2
0 2 0 -2 0 3
2 -1 1
1 2 1 + 0 6 -3|;
-1 1 =2
300 5 -2 8
2 2 -1
0 O 0 4 6 1
1 2 -1 2
1 3 2 2 -5 =2
-2 -1 1 2|+ ;
2 0 2 -2 6 4
2 1 1 2
1 0 1 3 0 1
11 1Y 0100y (010
1 -1 -1 0 01 0 0O 0 2
; T) +
-1 1 -1 0 0 0 1 0 0 O
-1 -1 1 0 0 0 O 0 0 O
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3a)1aqa 7. Haiitu oOpaTHy0 MaTpHILy:

) 1 5) 1 0 ) 1 2 ) 1 3
a : B ; r :
3 2 35 2 7
3anaua 8. Haiitu oOpaTHyto MaTpuIly:
1 00 6 0 0 1 30 1 10
a)|0 1 0f; 6)|0 1 2|; B)|2 7 ; (0 1 O
3 01 0 3 5 0 0 7 0 3 3
3agaua 9. Haiitu oOpaTHyto MaTpuIly:
1 0 0O 0 010 2 0 00 0 0 0 -1
0 010 0 0 O 0 0 0 1 0 02 O
;0 ; B) ; T)
0 0 01 0 0 0 1 0 200 1 0 0 O
01 00 01 00 0 010 0 30 0
3a)laqa 10 PCH_II/ITB MAaTpPUYHBIE YPABHEHUS:
1 -1 1 -2 -1
a) 6) X = ;
1 3 4 3 4
3 33 1 0 0 1 4 5
B) ; r) X - = —
2 2 2 1 2 2 1 8 11
3a)laqa 11. Pemuts cuctemsl no npasuity Kpamepa:
X, +2x, = X +2x,=2
a) 6) ;
5x,+9x, = 20 3x,—4x,=7
x —7x,+x,=11 2x, =X, +x;=-2
B) 12x,+3x,=7 r) 31X +2x, +3x, =-1.
3x,+x,—x; =-1 X, —3x,+2x,=3

3anaya 12. MccnenoBaTh Ha COBMECTHOCTh M HAlTH 00l1Iee PELICHHUE:
X, +3x, +5x,+7x, =1

3x,+4x, +x,+2x,=3
=X, +2x, +3x; —2x, +4x,=0
a) ; 0) 16x, +8x, +2x;+5x, =7
—x, +7x, +11x; +3x, + 8x, =1

b

9x, +12x, +3x, +10x, =13

—2x, +4x, +6x;, —4x, +x, =0

2x, +5x, —8x, =8
4x, +3x, -9x, =9
2x, +3x, - 5x,=7

3x,—5x, +2x, +4x, =2
B) 1 7x, —4x, +x,+3x,=5 ; r)

5x,+7x,—4x,—6x,=3

x, +8x,—7x; =12
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3anaua 13. Haiitu ¢pyH1aMEeHTaIbHYIO CUCTEMY PEILICHUNA:

X +2x,+4x;-3x,=0

3% +5x, +6x;, —4x, =0
DV ax 455, —2x, 430,20
3x,+8x, +24x, -19x, =0

3x,+2x, +x;+3x, +5x,=0

6)

6x, +4x, +3x;+5x, +7x, =0
9x, +6x, +5x, + 7x, +9x, =0

3x,+2x, +4x, +8x,=0
4.15. OTBeTHI

-1 -2

1. a) 2; nanpumep,

2; HanpuMmep,

; 0) 2; HarpuMep,
4 ) pumep, | .

2x, —4x, +5x; +3x,=0
3x,—6x, +4x,+2x,=0 ;
4x, —8x, +17x,+11x, =0

3x,+5x,+2x,=0
4x, +7x, +5x,=0
x +x,—4x,=0

2x, +9x, +6x,=0

2 1
; B) 3; Hampumep,

2
1
-1

2
5‘. 2.a)1;06) —-1;B) 40;r)0.3.a) -8;0) -3;B) -9;1) 18.4. 2)

33 0 O
1 0
52:6) 5;8) 100;1) 10;5.2) | 0 1];6) 6 14 = )33 00 )
;0) 5;8) 100;1) 10; 5. a ; ;B ;T
_— 10 -19 17 0 0 -2 2
0 0 2 =2
2 4 0 0 "4 5 4 5 11 4 0 0 O
37 0 O 6 6 -5 -2 0 4 00
.6.a) | 2 9 -T71;0) ; B) ; T)
0O 0 0 7 0 0 6 12 0 0 40
13 -9 15
0 0 -2 3 1 2 1 3 0 0 0 4
0 0 2 1
0 0 0 6 1 -3 1 0 -5 2 7 -3
. 7. a) ; 0) ; B) ; T) . 8. a)
0 0 0O 0 1 -3/2 1/2 3 -1 -2 1
0 0 0O
1 0 0 1/6 0 O 7 -8 0 1 -1 0
0O 1 0;6), 0 -5 21|, |2 1 O [;r) |0 1 0 9. a)
-3 0 1 0 3 -1 0O 0 1/7 0 -1 1/3
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1 0 0O 01 0O 1/2 0 0 O O o0 1 o0

0 0 0 1 0 0 0 1 0O 0 1/2 0 O 0 0 1/3
; ) ; B) ; T) :

01 0O 1 0 0O 0 0 1 0O 1/2 0 O

0 01 0 0 01 0 O 1 0 O -1 0 0 0
10. a) b 6) s ) b2 ) P2 ) (4;0); 6) (2,2;0,1); B)
.a ; , B » T -11.a V), »«,U,1); B

0 0 24 -7 0 O 3 4
c 2 8¢ 1
G-53); o 2-LD. 120 a) —gl— 4c, +§;—?1— ¢ +§;cl;cz;0);
4e, ¢, 1

0) —T—?+§;cl;cz;l); B) HecoBMmecTHa; ) (3;2;1). 13.a) (8;-6;1;0);(-7;5;0;1);

0) (2;1;0;0);(—=2;0;5;7); B) (—2;3;0;0;0);(—4;0;3;3;0);(—8;0;9;0;3) ; r) cuctema umeeT
TOJIBKO TPUBHUAJILHOE PEIICHUE.

96



5. JUHEMHBIE IPOCTPAHCTBA

5.1. [lonsiTHE JINHEHHOTO IPOCTPAHCTBA
Onpenenenue. Jluneiinviv (8eKMOPHLIM) NPOCMPAHCMBOM  HA3BIBACTCS

MHOXECTBO 3JIEMEHTOB d,b,C,... (Ha3bIBaEMBIX 6ekmopamu) J000H NPUPOABI C

BBCACHHBIMH HAJA HHUMHU OICPAIUAMHU CJHAOHCEHUA N YMHOINCEHUA HA HUCTIO0, CCIIHU
BBIIIOJIHCHBI TPH YCIIOBUA:

I. meeTcst nmpaBuiio, mocpeCTBOM KOTOPOTO JIFOOBIM JIBYM 3JIEMEHTaM d U b
MHOXXECTBA CTaBUTCS B COOTBETCTBUE TPETUM BIEMEHT C 3TOr0 MHOXKECTBA,

Ha3bIBaeMbIN cymmoti (0003HaUeHue ¢ =a+b).

II. Wmeercss mpaBWio, TOCPEACTBOM KOTOPOTO JIFOOOMY DJJIEMEHTY d
MHOXECTBAa M JIIOOOMY JEWCTBUTEIBHOMY YHCIY A CTaBUTCS B COOTBETCTBHE

—

3JIEMEHT d 3TOr0 MHOXECTBA, Ha3bIBAEMBIN npouseedenuem snemenma d Ha Hucio
A (o6o3naucHue d = Aa).

III. Yka3zanHsie ABa IMpaBujia MIOAYUHCHBI CICAYIOIIIUM BOCbMH daKCHUOMAM:

Ceoticmea clocenusi 6eKmopos:

— —

1. Va,b:a+b =b+a (KOMMYTaTUBHOCTb CIIOKCHUS).
2. Va,b,c:a+ (b + E) = (Zi +b ) + ¢ (acconuaTuBHOCTH CJIIOKEHHUS ).
3. 30 Va:a+0=a (ocobas poib HYJIEBOTO JIEMEHTA).

4. Va da':a +a' =0 (cymecTBOBaHHUE ITPOTUBOIOIOKHOTO IJICMEHTA).

Cesoticmea YVYMHOJMCEHUA 6eKmopa HA YUCO.

5.Va;Va,BeR: (aﬁ)& =a (ﬁ?z) (accolMaTUBHOCTb).

6. Va;Va,BeR :(Oc + ﬁ)ﬁ =qad+ fa (IucTpuOYTUBHOCTH MO OTHOIICHUIO K
CJIO)KEHHUIO IEHCTBUTEIBHBIX YHCEN).

7. Va,b;¥aeR: OC(Ei +b ) —ad+ab (IMCcTpUOYTUBHOCTD MO OTHOILIEHUIO K

CJIO’KEHHIO BEKTOPOB).
8. Va:1-a=a (ocobas poJib YUCIOBOIO MHOXKHUTENSA 1).

Teopema. B n1MHEHHOM IIPOCTPAHCTBE CYLIECTBYET €IMHCTBEHHBIM HYJIEBOU
AJIEMEHT, PaBHBIM MPOM3BENCHUIO MPOU3BOJBHOTO 3JIeMEHTa d Ha yucio 0; u s
KKJOTO DJIEMEHTAa d CYIIECTBYET €AMHCTBEHHBIM NPOTHUBOMOJIOXKHBIA AIIEMEHT,
PaBHBII MPOU3BEAEHUIO 3TOTO 3JIEMEHTA d Ha YUCIO —1.

Onpepenenune. Jlunetinoii xombunayuel >IEMEHTOB d,,d,,...,d, JTHUHEHHOrO
IPOCTPAHCTBA  HA3bIBAETCS  BBIpAXKCHME BUAA  aud, + 0,4, +..+Q,d, , TOEC
k03 unuents! a,,q,,...,a, —9ACHIA.

Onpepesnenne. Ecnyu 31eMEHT JIMHEHHOrO IPOCTPAHCTBA IPEJICTaBIEH Kak
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JIMHEMHas KOM6I/IHaI_II/I$I HCKOTOPBIX 3JICMCHTOB JIMHEHHOTO MMpoCTpaHCTBA, TO
TrOBOPAT, UTO OH pA3/103#CEH 110 3TUM 3JICMCHTAM.

Onpenenenue. JIuneitHass KOMOMHAIMS 3JIEMEHTOB JTUHEHHOTO MPOCTPAHCTBA
HA3BbIBACTCS MPUBUAILHOU, €CIU Bce €€ KOID(PUIMEeHTh paBHBI HYIIO, U
HempusuanlbHol B TPOTUBHOM Cllydae.

Omnpeaenenne. HaGop snemenroB d4,,d,,...,d, JTUHEHHOrO IPOCTPAHCTBA

Ha3bIBACTCS JIUHEUHO sasucumobim, C€CIN CYHICCTBYCT HCTPUBHAJIbHAA JIMHEHHas
KOM6I/IHaI_II/I$I 9THUX 3JICMCHTOB, paBHas HYJICBOMY 3JICMCHTY, U JUHEUHO He3A8UCUMBIM
B IIPOTHUBHOM CJIy4ac.

Teopema. Habop snemenros d,,d,,...,d, JUHEHHOTO MPOCTPAHCTBA SIBIIAETCS
JIUHEUHO 3A8UCUMbIM TOTJIa U TOJIBKO TOT/Ia, KOT/Ia XOTh KaKONU-HUOY b OJIUH U3 ITHUX
AJIEMEHTOB MOXHO MIPEACTaBUTh B BUJIC TUHEWHONW KOMOMHAIIMU OCTaJIbHBIX.

CaencrBue. Ecnu cpenu sieMeHTOB d,,d,,...,d, JUHEHHOIO IPOCTPaHCTBA
MMEETCS HYJICBOU 2JIEMEHT, TO 3TH 3JIEMEHTHI JTUHEHHO 3aBUCHUMBI.

CaencrBue. Ecay 4acTe 3JIEMEHTOB d,,d,,...,d, JHMHEWHOIO IPOCTPAHCTBA

SIBJISIIOTCS  JIMHEWHO 3aBUCUMBIMH, TO M BCC OTH OJJICMCHTBI SABJIAIOTCA JIMHECMHO
3aBUCHUMBIMH.

Omnpenenenue. bazucom JIMHEUHOT 0 IIPOCTPAHCTBA Ha3bIBACTCS
MaKCUMaJlbHbI HAa0Op JIMHEWHO HE3aBUCHUMBIX 3JIEMEHTOB 3TOT0 IPOCTPAHCTBA,
B3SITHIX B ONPEJEICHHOM MOPSIKE.

Onpenenenue. Pazmeprocmpio TIPOCTPAHCTBA HA3BIBACTCS YUCIIO 3JICMECHTOB
ero Oasmuca.

Teopema. B nuHeiiHOM TPOCTpaHCTBE Pa3MEPHOCTH n JIIOOBIE 7 JIMHEHHO
HE3aBUCUMBIX YIOPSAJOUYEHHBIX 3JIEMEHTOB 00pa3yIoT Oa3uc.

Teopema. Beskuil a1eMeHT JMHEHHOTO MPOCTPAHCTBA MOKET OBITh U MPU TOM
€IMHCTBEHHBIM 00pa3oM pa3jokeH Mo 0a3sucy B 3TOM MpOCTpaHCTBE (T. €.
Mpe/ICTaBIICH KaK JIMHEeHass KoMOMHAIUsl 0a3UCHBIX BEKTOPOB).

Onpenenemfle. Yucna B 3TOM Pa3JI0KCHHUHN HA3BIBAIOTCA KoopOuHamaMu 9TOI'O
sJIEMEHTA B OTOM Oa3uce.

Teopema. [Ipu ciiokeHUN ABYX JTIOOBIX DJIEMEHTOB JUHEHHOTO IIPOCTPAHCTBA
WX  KoopauHaThl  (OTHOCHUTENIBbHO JrOOro 0a3zuca 3TOro  IPOCTPAHCTBA)
CKJIQJIBIBAIOTCS; MPU YMHOXXEHUM IPOU3BOJIBHOTO AJIEMEHTa Ha JII000e YHCIIO BCE
KOOPAMHATHI TOTO 3JIEMEHTa YMHOXKAIOTCS HA 3TO YUCIIO.

5.2. [IpeoOpa3zoBanue KOOPAMHAT IPU CMeHe 0a3uca
Omnpeaenenne. Ilycts € ,é,,...,6, U €,6,,...,6, — IBa IPOU3BOJIBHBIX Oa3nca

JUHEHHOr0 MPOCTPAHCTBA, KOTOpbIE JOTOBOPUMCS Ha3bIBaTh CTapblii U HOBBIH,
COOTBETCTBEHHO. IIyCTh BbIpaXkeHHE OTHOTO Oa3uca uyepes3 Apyroi UMeeT BUI:
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—y _ — — —
e =a,e+a,e +..+a.¢e

—y — — —
e, =a,e +a,e +..+a,e,

en =da lel + anZeZ + + arm n
Torpa matpuily
all a21 anl
S — a12 Cl22 anZ
a, a,, .. a,

OyneM Ha3bIBaTh Mampuyeti nepexooa oT cTaporo 0asuca K HOBOMY.
(= = - I =1 =1 =
Ecmn BBecTn o0o03HaueHus e=(é,ée,,....e,) nu e =(é,6,,...,€,), TO MOKHO B

MaTpu4HO# (opme 3amucaTh € =e-S. OueBumHo, uto e=¢€-S', rme S —
Matpuiia, oopatHas K S .

[lycte smeMeHT X  JMHEWHOrO0 TPOCTPAHCTBA HMMEET  Pa3lIOKEHUs
X=X +X,6+..+X € U X=Xx€ + Xy, +...+ X € IO CTapoMy ¥ HOBOMY Oazucawm,

COOTBETCTBEeHHO. Eciin BBecTH 0003HAUEHHUS

xl x]
!
Xy y | X
X = H X = )
X X

TO MOYKHO B MaTpU4HOM (popMme 3ammcarh X =e-x U X =¢' - x'. [IpupaBHUBas IpaBbIe
YacTU STUX PaBEHCTB, moiayuaeM e-x=¢ -x'. YuuteBasg, uto e=¢e-S~', uMmeeM
€-S'-x=¢€-x', orkyma x'=S"'-x, 4ro M BHIpaXAET CBABb  MEKIY
npeobpazoBaHreM 0a3HUCOB U IPEOOPa3OBaAHUEM COOTBETCTBYIONIMX KOOPIHHAT:
Teopema. Eciu mepexon ot craporo 6asuca K HOBOMY OCYIIECTBJISIETCS C
HOMOIIBI0 MaTpUIlBl S, TO IEPEXOJ OT KOOPAMHAT IPOU3BOILHOIO JJEMEHTA B
crapoM 6asuce K KOOPIUHATAM JTOTrO DJIEMEHTa B HOBOM 0a3uce OCYIIECTBIIAETCS C

MOMOILbIO MaTPULBI S -

5.3. EBKIMA0BBI IPOCTPAHCTBA

Onpeuenem/le. JIunenHoe IMPOCTPAHCTBO HA3BIBACTCA €6K/lu()06bl]l/l, CCJIN
BBIIIOJIHCHBI J1Ba YCJIOBHA!

I. meeTcst nmpaBuiio, mocpeCTBOM KOTOPOTO JIFOOBIM JIByM 3JIEMEHTaM d U b
ATOr0 MPOCTPAHCTBA CTABUTCS B COOTBETCTBUE JCHCTBUTEIBHO YMCIIO, HAa3bIBAEMOE

CKAIAPHBIM NPOU3sedeHuem dTUX IEMEHTOB U 0003HaYaemMoe a - b .
II. Yka3aHHO€ MpaBWIIO MOAYUHEHO CIEAYIOIIUM YETHIPEM aKCHOMAaM:

l1.Va,b: a-b=>b-a (KOMMYTaTUBHOCTb).
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- - = - |2 - -
2.Va: a-a= ‘ a ‘ > (; BIp@XKECHHE @ - d HA3BIBACTCS CKAIAPHBIM K8AOPAMOM

37eMEHTa d U 0003HauaeTcs G- .

3. Ecmm a-a=0, 10 a=0.

4. Ya,b,é; Va,PeR: (a-Zz+ﬁ-5)-5:a-(5-5)+,8-(l;-5) (JITMHEHHOCTD ).

BaxxHo 3ameTuTh, 4TO 3/1€Ch MBI abCTparupyemcs OT NMPUPOALI HM3ydaeMbIX
00BEKTOB, OT KOHKPETHOTO BHJA TNpaBUI OOpa30BaHUS CYMMBI DJEMEHTOB H
MIPOU3BEICHUS dJIEMEHTa Ha YKCJIO, OT KOHKPETHOTO BHJa IpaBHJia, CTaBAIIECTO B
COOTBETCTBHE JIBYyM OOBEKTaM UX CKAJIIPHOE MPOU3BEICHUE.

Teopema (nepaBencTBO Komu - ByHsikoBckoro). s mo0bIX JBYX

2JIEMEHTOB d W b TPOU3BOJBHOIO 3BKIHJIOBA MPOCTPAHCTBA CIIPABEIIUBO
HEPaBEHCTBO (Ei-l;)z <a’-b’.

Joka3zaTeabcTBO. J[)1s1 M1000r0 ACHCTBUTENIBHOTO 4YHclia A II0 akcuoMe 2
CKQJISIPHOTO TIPOU3BEJICHUSI BEPHO, YTO (/”tc_i—l;)2 >0. Ilonb3ysach OCTAIBHBIMHU

2 =2 - 7 7
aKCHOMaMH CKaJgpHOTO Tpou3BeeHus, umeeM A° -G  —24-(a-b)+b>>0. Msl

3HacM, 4TO KBaHpaTHBIﬁ TPCXYUIJICH 6YI[CT HCOTPULATCIbHBIM IIPH JIOOBIX 3HAYCHUIX
A TOJIBKO B ClIydac  HCIIOJOXKUTCIBHOCTH €Iro  OUCKPHUMHWHAHTA, T. C.

= 7'\2 =2 72
(a-b)y"—a”-b” <0, oTkyna ciaeayeT 10Ka3bIBaeMO€ HEPABEHCTBO.

Onpenenenue. JIMHEIHOE MPOCTPAHCTBO HA3BIBACTCS HOPMUPOBAHHBIM, CCITH
BBITIOJTHEHEI JIBA YCIIOBHS:

I. NMeercs mpaBWiIO, TMOCPEICTBOM KOTOPOTO KaKIOMY D3JEMEHTY d 3TOTO
MIPOCTPAHCTBA CTABHTCS B COOTBETCTBUE JEHCTBUTEILHO YHCIIO, HA3BIBAEMOE HOPMOLL
9TOrO 3JIEMEHTa U 0003HaYaeMoe HZiH .

II. Yka3aHHO€ MpaBWIO MOAYUHEHO CIEAYIOIIUM YETHIPEM aKCHOMAaM:
l. VaVAeR: |A-d|=|4|-|a.
2.Va: a=0=|a|>0.

3. HﬁH:o.

4. Va,b: HEz’+bHSHEz’H+HbH (HEpaBEHCTBO TPEYroJbHUKA WU HEPABEHCTBO

MHHKOBCKOT0).
Teopema. Besikoe €BKIIMIOBO MMPOCTPAHCTBO SIBISICTCS HOPMUPOBAHHBIM, €CIIH

- - -2
B HEM HOPMY JIFOOOTO JIEMEHTA (I BBECTHU KaK HaH =+a’.

Jloka3aresbcTBO. BrInonHeHne Bcex akcuoM Kpome 4 — oueBUIHO. [IpoBepum
aKcuomy 4: HEi + bH = \/(5 +b)’ =\/Ez’2 +2(d@-b)+b” <

1o HepaBeHCTBY Ko — byHsIKOBCKOTo

N7 2 p 45 A(NF 5) =a* +5* =[] + |3,
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Onpeuenem/le. I[Ba 9JICMCHTA CBKJIIMAOBOT'O IIPOCTPAHCTBA HA3BIBAKOTCA

OpMO2oHANbHbIMU, €CTA d -b =0).
Onpenenenue. basuc TMHEHHOTO MPOCTPAHCTBA HA3BIBACTCS OPMOCOHAILHBIM,
€CJIM €r0 AJIEMEHTHI MTOTMTAPHO OPTOTOHAIBHEI.

Omnpenenenue. bazuc JIMHEMHOI 0 IIPOCTPAHCTBA Ha3bIBACTCS
HOPMUPOBAHHBIM, €CIIA HOPMA Ka)KJIOTO €ro JIEMEHTA paBHa 1.
Omnpenenenue. baszuc JIMHEMHOT 0 IIPOCTPAHCTBA Ha3bIBACTCS

OPMOHOPMUPOBAHHBIM, €CITA OH OPTOrOHAJIbHBIN 1 HOPMUPOBAHHBIM.

B n-mMepHOM €BKIMI0BOM MPOCTPAHCTBE 000U 0a3uc MOXKHO MpeoOpa3oBaTh
B OPTOHOPMHUpPOBaHHbIM.  OcCyHIeCTBISETCS O3TO C  MOMOINBIO  Mpoliecca
OpPTOTrOHAIU3AIUY.

IIpouecc oproronanuzanum (IImuar):

ITycts €,€,,...,6, — He opTOHOpMUpOBaHHBIN Oaszuc. Illar 3a marom cTpoum

- =
é e _ e -
L L.¢, tne k=2,.,n. basuc €,é,....e, —

1

k-1
JMEMEHTBL: & =&; & =&, — ) ——!
=l €€

OpTOTOHANIbHBIN. EcCM KaXXIplil 3J1eMEHT HOBOTO 0asuca MoJeIuTh Ha €ro JIUHY, TO
MOJIyYUM OPTOHOPMUPOBAHHBIN Oa3ucC.

5.4. JIuneiiHble onIepaToOpbI

Onpenenenune. Jluneunvim onepamopom A, NEUCTBYIOIIUM U3 IPOCTPAHCTBA
V' B mpocTpancTBO W, Ha3piBaeTcs oToOpakeHue Buaa A : )V — W, comocraBisiomniee
KKJIOMY JJIEMEHTY X TPOCTPAHCTBA J HEKOTOPBIA 3JEMEHT ) mpocTpaHcTBa W
(0oOo3HaueHue y = AX ), Tak 4TO JUIs JHOOBIX DJIEMEHTOB X, U X, IPOCTpaHcTBa }V u
moObIX uyncen A, u A, BbIIONHAETCA ycaoBue: A(AX, +A4,X,)=AAX, + 1,AX,
(MuHOT/Ia 3TO YyCJIOBHUE, HA3bIBAEMOE JUHEUHOCMbI0, TOAPA3NCISIOT Ha JBa:
A(X, +X,) = AX, + AX, — aooumusnocmsb 1 A(AX)=AAX — 00HOpOOHOCMY).

Ecin npoctpanctBo W sBAs€TCA YHUCIOBBIM, TO JMHEWHBIM ONEpPATOP
HA3bIBAIOT JIMHEHHBIM ()YHKYUOHATIOM.

Omnpenenenune. Cymmor A+B nuHeilHBIX omepatopoB A u B Ha3biBaeTcs
oreparop, onpenensemMbiii papeHCTBOM (A + B)X = Ax + Bx .

Onpenenenue. [lpouzsedenuem AA NWMHEHHOTO omeparopa A Ha 4uClIo A
Ha3BIBACTCS OINEepaTop, ornpeeasieMblii paBeHCTBOM (AA)X = A(AX).

Onpenenenue. Hynesvim omneparopoMm (o6o3HaueHue () Ha3bIBaeTCs
oreparop, OToOpakalmuii BCE JJIEMEHTHI MPOCTPAHCTBA V' B HYJIEBOH JIIEMEHT
npoctpancTBa W (T. e. onepatop O aeictByet 1o npasuiny Ox = 0 ).

Onpenenenue. /I[pomueononodchvivm s ONiepaTopa A Ha3bIBAETCS ONEPATOP
-A=(-DA.

Ilycte A:V >V

Onpenenenue. Eounuunviv (moowcoecmeennvim) onepatopom E HazbiBaeTcs
orepaTop, OTOOPAKAIOIIMM KaXKIbIH 3JIEMEHT MpocTpaHcTBa V' B cebs (T. e. EX =X).

Onpenenenne. O6pamuuim U omepaTopa A Ha3blBaeTcs omepatop A
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Takoil, 40 AA" =A"'A=E

Teopema. MHOXECTBO JMHENHBIX ONEPATOPOB, NEHUCTBYHOIUX U3 V' B W, ¢
yKa3aHHBIMU BBIIIIE ONEepanusiMu 00pa3yeT JTUHEHHOE MPOCTPAHCTBO.

Jloka3aTebcTBO. BpIIONIHEHWE BCEX YCIOBUW U3 ONPEACIICHUS JIMHEHHOIO
MIPOCTPAHCTBA OYEBUIHO.

Onpenenenue. fopom nuHenHOTO omnepaTtopa A (oOo3Hawaetcs ker A)

Ha3bIBACTCA MHOXCCTBO BCCX TCX JJICMCHTOB )_C> IMPOCTPAHCTBA V, IJIA KOTOPBIX

—

Ax =0.

Onpeneaenne. OOpa3oM mmHelHOro omeparopa A (o6o3Hauaercs 1m A)
Ha3bIBAETCS MHOXECTBO BCEX DJIEMEHTOB ) MPOCTPAHCTBA V, Mpe/ICTAaBUMBIX B BHUJIC
y=AX.

CymMma pa3mepHocTed sijpa U oOpasza JaeT pa3MEepHOCTb MpocTpaHcTBa. s
TOro, 4TOOBI OMEpaTOp HMENT OOpaTHBIH HEOOXOAUMO U JOCTATOYHO, YTOOBI
ker A=0 wim droGbl pa3sMEpPHOCTh 00pasa COBNAZANAd C PasMEPHOCTHIO
MPOCTPaHCTBA.

5.5. MaTpuua JJMHEHHOT 0 OIePaTOPa U ee mpeodpasoBaHue NpH

cMeHe 0a3uca

ITycte A:V =V . Ilycts é€,é,,...,, 0asuc B npoctpanctee V. Ilycts X el .
MoxHo B MarpuyHoi (¢opme 3amucatb XxX=e-x, rae e=(€,é,,...,e,) Hu

T

X = (xl,xz,...,xn) . [lycTth
Ae =a,e +a,e +..+a e
Ae, =a,e +a,e, +..+a,e,

Ecnu BBECTH MaTpuly

all a21 anl
a a a
12 22 2
A= ",
aln a2n arm

TO B MaTpu4HOW (opme MOXHO 3amucaTth Ae=eAd, rae Ae=(A¢€,Aé,,...,A¢e).
Takaa matpuna 4 HaseBaeTca mMampuyei onepamopa A B 6asuce €,é,,...,e,. Torna
y=AX=A(ex)= (mo nuHeriHOoCcTH) = (Ae)x=eAx. Ecam BBecTn o0003HauUeHUE

y= ( Vs Vasees YV, )T , TO MOXHO 3amucaTb y=ey. Torma mnoiaydaem ey=eAx wWwiu
y=Ax.

[TokakeM, Kak MPOUCXOTUT MPEOOpPa30BaHNE MATPHUIIBI JTUHEHHOTO orepaTopa
IpH nepexojie oT 0azuca K 6asucy.

102



- = = =1 = =1
Ilycts ¢.e,,....,e, U ¢€,e,....e,

n

— JIBa TPOU3BOJIBHBIX 0a3uca JIUHEHHOTO

MpOCTpaHCcTBa (CcTaphiii M HOBBIN). [1ycTh S — MaTpuIa nepexoaa ot craporo 0asuca K
-1 -1

HOBOMY, T. €. € =¢-S. Toraa Bbime ObUTO MOKa3aHo, 4T0 X' =S -x u y'=8 - y.

[Iycth A 1 B — MaTpullbl JIMHEHHOTO ONepaTropa B CTApOM U HOBOM Oasucax, T. €.
y=Ax wu y'=Bx'. IloacraBnss B TMOCIICAHEEC PABEHCTBO BBIPAXKCHHUS HOBBIX
KOOPJMHAT uepe3 cTapwle, monyuaeM S -y=B-S™'-x. YuuteBas y = Ax, umMeeM
S' 4-x=B-S"'-x.Torna S'-4=B-S"'. CnenoBatenso B=S"'-A4-S.

Martpuiia HyJIeBOro omepaTopa — HyJeBas B JoOom 0Oasuce. Matpuia
€IMHUYHOTO OTlepaTopa SIBJISETCS €IMHUYHOM B JIFIOOOM Oazuce.

Ecnu B nMHENHOM mpocTpaHcTBe V 3anaH Oasuc €,é,,...,6, 1 A — KBajpaTHas
MaTpuila MOopsaKa 7, TO CYHUIECTBYET €JAMHCTBEHHBIM JIMHEWHBIH omeparop A,
MaTpHIlel KOTOPOro B 3aJJaHHOM Oa3uce sipnsieTcs A.

Jnist Toro, yTtoObl JWHEWHBINM ornepaTop HMeN OOpaTHbII HEOOXOAUMO U
J0CTaTOYHO, YTOOBI MAaTPHUILIA FTOTO OrepaTopa OblIa HEBBIPOKIECHHOM (0€3 pa3HUIbL,
B KakoM 0a3suce, MOCKOJIbKY HEBBIPOXKJEHHAs MaTpulla JUHEHHOTO omeparopa, T. €.
MaTpHila C HEHYJIEBbIM OIPEACIIUTENIEM, SIBIISIETCS TAKOBOM B JII0O0OM Oasuce).

OnpenenuTenb MaTPULbl JMHEHHOTO ONEpaTopa HE MEHSAETCS MPHU MEePexoie K
npyromy 6asucy.

Onpenenenue. Panzom TMHENHOTO ONEpaTopa HA3bIBAETCA PAHT €70 MATPUIIBI
(0e3 pa3Hulibl, B KakoM 0azuce, OCKOJIbKY paHT MaTpULIbl JUHEHHOTO oneparopa He
MEHSIETCS TIPH TIepexo/Jie K Apyromy 0asucy).

5.6. CoO0cTBeHHBIEC BEKTOPHI U COOCTBEHHbIE 3HAYCHU Sl JINHEHHOTO
omepartopa
Omnpeaenenue. Xapaxmepucmuyeckum MHO2041eHOM TUHEHHOTO orepaTopa A
(A:V — V') Ha3bIBaeTCsI MHOTOYJIEH OTHOCUTEIBHO A :

n
|A —A,E| = delk 5
k=0
rae d, — koadpunuents pu A° .
Koadpduunentsr d, He 3aBucAT OoT BbIOOpa Oasuca (TOBOPSAT, 4YTO OHHU

ABIAIOTCS  uHeapuanmamu). B dvactHocTH, KO3pduuMEeHT d paBHBII

n—12

a, +a, +..+a, , Ha3plBaeMblii cieJoM omnepaTopa (oOo3HadaeTcs trA) sBiIsgeTCS

MHBAPHAHTOM.
Onpenenenne. YpaBHenue |4— AE|=0 Ha3pIBaeTCs Xapakmepucmuyeckum

ypasHenuem TUHEUHOTO oriepaTopa A.
Onpenesenue. ITpocTpaHcTBO Vi Ha3bIBACTCS UHBAPUAHMHBIM

noonpocmpancmeom omneparopa A, eciM s KaXAOoro X, IpUHAuIexaiero V,,
JIEMEHT A X Takxke MpuHaIexKuT V. [IpuMepamMu MHBapHaHTHBIX HOJIPOCTPAHCTB
omeparopa A sBisitorcst ker A u im A..
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Onpepenenune. Yucio A Ha3bIBACTCS  COOCMBEHHLIM — 3HAYEHUEM
(cobcmeennvim uucniom) orneparopa A, €Clid CYIIECTBYET HEHYJeBOM 3JIeMEHT X
Takod, uto AX =AX. [Ipu 3TOM 37€MEHT X Ha3bIBACTCA COOCMBEHHBIM B8EKMOPOM
orepaTopa A, OTBEYarOIIMM COOCTBEHHOMY 3HAYEHUIO A .

MHOX€eCTBO COOCTBEHHBIX BEKTOPOB, OTBEYAIOIIUX OJIHOMY COOCTBEHHOMY
3HAYEHUIO, SABJISIETCS] HHBAPUAHTHBIM MOAIPOCTPAHCTBOM.

st Toro, 4roObl uncio A ObLIO COOCTBEHHBIM 3HAUCHHEM olepaTtopa A,
HEOOXOJIUMO U JIOCTATOYHO, YTOOBI 3TO YHUCIIO OBLIO KOPHEM XapaKTEpUCTUUYECKOTO
ypaBHEHUS orieparopa A.

Kaxxplii TUHEWHBIN oniepaTop UMeeT COOCTBEHHOE 3HaUeHHE (BOOOIIE TOBOPSI,
KOMILJIEKCHOE).

Jiist Toro, yToOBI MaTpuila 4 JMHEHHOTO onepaTopa A B AaHHOM Oa3uce Oblia
JIUaroHajJbHOW, HEOOXOJWMO M JOCTATOYHO, 4YTOOBI Oa3UCHBIE 3JIEMEHTHI ObLIN
COOCTBEHHBIMU BEKTOpPAMU 3TOTO OIEepaTopa.

CoOCTBEHHBIE BEKTOPbI, OTBEYAIOUIUE PA3IMYHBIM COOCTBEHHBIM 3HAUCHUSIM,
JUHENHO HE3aBUCHMBI.

Ecnu xapakTepucTUYECKMI MHOTOWIEH ONeparopa, JACHCTBYIOIIETO B 7-
MEpPHOM TIPOCTPAHCTBE, UMEET 7 PA3NIMYHBIX KOPHEH, TO B HEKOTOpOM Oazuce
MaTpHuiia orepaTopa UMEeeT AUaroHaIbHbIA BH/I.

5.7. Kanonn4eckuii BUJ JUHEHHBIX ONIEPATOPOB

W3 ompeneneHusi COOCTBEHHOTO BEKTOpa CIIEAYET, UYTO JJIEMEHT X SBISCTCS
COOCTBEHHBIM BEKTOPOM OIeparopa A, OTBEYAIOIUM COOCTBEHHOMY 3HAUCHUIO A,
€CJIM BhITIOJIHsIETCSl cooTHomIeHue (A — AE)X =0.

Onpenenenue. DJIEMEHT X  HA3bIBACTCS MPUCOCOUHEHHbIM  BEKTOPOM
orepaTtopa A, OTBEYAIOIIUM COOCTBEHHOMY 3HAYeHHIO A, €Ciau Ajii HEKOTOPOro

nenoro m >1 BeIMONHIOTCA cooTHOMmeHus (A—AE)"X¥#0 u (A—AE)""'x=0. Ipu
TOM YHCIIO M Ha3bIBAETCS NOpAOKOM TIPUCOCIUHEHHOTO BEKTOpa X. Takum
o0Opa3oM, eciii X — MPUCOCAMHCHHBINH BEKTOP TOpsAIKa 7, TO JieMeHT (A — AE)"X —

COOCTBEHHBIN BEKTOp OMepaTopa.

IlycTe A — JMHEWHBIA OmIEpaTop, NEUCTBYIOIIUNA B 1-MEPHOM EBKIIHIOBOM
npoctpanctBe V. CymectByer 06a3uc, 0Opa30BaHHBIH M3 COOCTBEHHBIX U
MIPUCOEANHEHHBIX BEKTOPOB omepaTopa A, B KOTOpOM MaTpuua B omeparopa A
AMEET CIEAYIOIINN KIIETOUHBIN BU

[] 0

0 []

r7ie KJIeTKa O NMpeACTaBIsIeT COO0M CIeayIONIyI0 MAaTPUILY
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A410..0
04,1...0
=] ceereennnns
000..1
000..4,
Takast opma matpuilbl B onepaTopa A Ha3bIBaeTCA JHcopoarogol (hpopMoi, a
ee KIETKU — dmcopodanogvimu kiemxkamu. JKopaaHoBa ¢opMa €JUHCTBEHHA C

TOYHOCTBIO 10 MOPSJAKA PACIOJIOKEHUS KIETOK, KOTOPBIA 3aBUCUT OT MOpAJIKa
HyMepaluu coOCTBEHHBIX 3HaueHuW. KineTku matpuisl B (MX KOJIMYECTBO PaBHO
YKCIly COOCTBEHHBIX BEKTOPOB) COAEpPKAT COOCTBEHHBIEC 3HaUeHUs. Ecnu 11t Kakoro-
TO COOCTBEHHOI'0 3HAYEHUSI COOCTBEHHBIX BEKTOPOB MEHBIIE, YEM KPATHOCTH HTOrO
3HAYEHUs, TO MOABIISIOTCS KJIETKUA pa3Mepa Oosblie, 4eM 1, B KOTOPBIX HaJ TJIaBHOU
JUaroHajblo (CM. ONpeAesIeHUE KOPJAHOBOM KIETKU) CTOAT €IUHULIBI.

5.8. KBagpaTnunsblie (popmMblI

Onpeneaenune. Keaopamuunou ¢gopmoii f(x,x,,...,x,) OT n HEU3BECTHBIX

Ha3bIBACTCS MHOTOUJIEH OT /1 NIEPEMEHHBIX BTOPOU CTEIEHH, HE COEPKALINMN YJICHOB
MePBOM CTEMEHU U CBOOOIHOTO YJIieHa
SO, x50, x,)= A X+ Ayy X3 + .+ a,mx,f +apX Xy + Ay XX+ +
XX A Xt et @y X1 Xy Ay 1%, X
npuueM a; =a; Vi, j=1,2,..,n (i#j).
KBagpatuunyro GopmMy oOBIYHO 3aMUCHIBAIOT B BUJIE:
(X, %, .00,X,) =q X4 Ay X3 4+ annx,f + 20,3+t 2a,x%; + 4 20,0, X, 1%,

U3 KOC—)(I)(I)I/II_II/ICHTOB al-j MOXHO COCTABUTH KBAAPATHYIO MAaTPUIY 7-T'0 ITOPAOKA

a, 4a, a,
a a a
21 Ay 2
A= ",
a a a

KOTOpasi Ha3bIBACTCSl Mampuyel KeaopamuyHol ¢opmul f, a €€ paHT r Ha3bIBACTCS
DPAaH2OM K8AOPAMUYHOU Popmbi f.

Eciu r=n, 1. e. marpuna A HeBbipoxneHa (| A|#0), To U kBaapaTu4yHas
(dbopma f Ha3bIBACTCS HEBbIPOHCOEHHOU.

U3 yenosust a;=a; Vi,j=1,2,..,n (i#j) ciemyer, 4ro A=A4", 1. e.
Matpuia 4 — cumMmempuiecKast.

OOpatHO, mysg TH000H CUMMETPUYECKOW MaTpHIbl A 7-TO TOpsAIKa MOKHO
yKa3aTh KBAAPATUIHYIO GOPMY f OT 77 HEU3BECTHBIX, IMCIOIIYIO 3JIEMEHTHI MATPHUIIBI
A cBouMH K03(PPUIIUEHTAMH.
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T
Ecnun x=(x1,x2,...,xn) — BEKTOp-CTOJOEI] M3 7 HEU3BECTHBIX, TO

KBaJIpaTHuHyI0 Qopmy f(c MaTpurei 4), MOXKHO 3alrcaTh B MATPUIHOM BUJIE:
f(x, %y, x,)=x" Ax.

[Tycth ecTh nBa 0a3uca e u €. B 6a3uce e BeKTOp X MOXKHO 3alKcaTh Kak
X=ex, a B 0asuce ¢ kak X =¢€'x'. [lyctp § — Marpuia mepexoaa ot e kK €, T. €.
¢ =eS. Torna, kak ObUIO NMOKa3aHo paHbine, x' =S 'x. IlycTh KkBagpaTHyHas popma
f B Gasuce e umeer BUA f =x' Ax, a B 6asuce € — f =(x')" Bx'. Takum o6pazom,
(X' Bx'=x"Ax, 1. e. (S"'x)"BS'x=x"Ax. Tak kak a1 MaTpUIl UMEIOT MECTO
dopmynsr (PO) =Q"P" u (P =(P")", 1o momyuaem x'(S7") BS'x=x"A4x,
nmotom x' (S7)'BS 'x =x" Ax, otkynma (S”)"'BS™' = 4. CnenosarensHo, B=S"AS .

MaTpua B ToXe JONKHA TIOMYy4HThCS CHMMETpHUeckoif, T. e. B’ =B.
Heiicteurensno, B =(STAS) =S"A"(S") =S"AS =B, Ttax kak marpuma A —
CHMMeTpHuecKas 1o ycioBuio (A’ = A).

Ecnu Matpuna S sBisercs opToroHansHoi (S~ =S7), To npeobpasopaHue

HAa3bIBACTCS OPMO2OHANbHBIM.
Panr kBagpaTuuHOil (OpMBI HE U3MEHSETCS MPU MEPEXO0JIe K Apyromy 0asucy.

Onpepeaenune. Kagparnunas dopma f(x;, x,,..., X,) UMEET KAHOHUYECKULL

U0, eciiu Bee K03 (UILMEHTHI IIPU IPOU3BEACHHUSIX PAa3IMUHbIX HEU3BECTHBIX PABHBI
Hyo, T. €. a; =0 (i#j), u He Bce a; =0. KanoHnueckuil BUJ KBaJApaTUYHOU

(OpMBbI Ha3bIBAETCS HOPMANbHBIM, €CIIN BCE HEHYJEBbIE KOA(P(UIUEHTHI PABHBI 1.

Takum 06pa30M, B KaHOHHYCCKOM BHUJC KBaApPaTUYIHAA (I)OpMa 3aIlINChIBACTCA

2 2
CIIEYIOIUM 00pa3oM: f (X, Xy, ..., X,) = ay X] +dpX) +...+a x2, TZie He Bce a; =0.

nn’n >

JIrobast kBagpaTudHas (GopmMa MOKET OBITh MpPUBEIEHA K KaHOHHYECKOMY (U
Jake HOpMaJIbHOMY) BHJYy C MOMOILBIO IIEpexoaa K HeKoTopomy Oasucy. llpu stom
YHCII0O HEHYNEBbIX KOX(P(UIMEHTOB B OSTOM KaHOHWUYECKOM Buae (T. e.
KOOPOUIIMEHTOB TpH  KBaJparax HEW3BECTHBIX) HE 3aBUCUT OT ITOTO
npeoOpa3oBaHus U PaBHO PaHTy ITOW KBaIpaTHUHOU (POPMBEIL.

OmHMM W3 METOJIOB MPUBEICHUS KBaJApaTHUYHOW (POPMBI K KAHOHUYECKOMY (|
Jake HOpPMAJIbHOMY) BHIY SBIseTCS MeTon Jlarpamxka, 3aKIIOYAOIIMKACS B
MOCTIEI0BATEIHHOM BBIJICJICHHUH TTOJIHBIX KBaIPaTOB.

Taxke mrobas kBagpatudHas ¢GopMa MOXeT ObITh TpHBEICHA K
KaHOHMYECKOMY (HO HE HOPMaJIbHOMY) BHAY C TIOMOIIBIO OPTOTOHATHHOTO
npeoOpazoBanusi, mpudeM Kod((HUIMEHTH MpU KBaJpaTax HEU3BECTHBIX OYyIyT
COBIAJaTh C COOCTBCHHBIMU 3HAYCHUSMH MaTpUIbl A KBaapaTHUHOU (OpMBI, a
CTONOIBI MaTpuibl S mnpeoOpa3oBaHus OyAYT COCTOSITh M3 COOTBETCTBYIOIIMX
NONIAPHO-OPTOTOHAJBHBIX ~ BEKTOpOB,  oOpasyromux  0a3uc  MpOCTpaHCTBa
COOCTBEHHBIX BEKTOPOB MATPHUIIBI A KBAAPATUIHON (HOPMEL.

Kanonwueckuid BuA KBagpaTWU4HOW (QOpPMBI HE EIMHCTBEHHBIM, HO BepHa
ClIeAyIoIas TeopemMa.
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Teopema (3axon umnepyuu). Ecim xBagpatuuHass (opma HOpUBOIUTCS K
KaHOHMYECKOMY BHUJY JBYMS pa3JIMYHBIMU CIOCOOaMM, TO YHCIO YIEHOB C
MOJIOKUTENbHBIMUA KO3 (ULIMEeHTaMH, TaK K€, KaK W UHCJIO UIEHOB C
OTpULIATEIbHBIMU KO3 PUIIMeHTaMu, B 000UX cilydasix OyIeT OJHO U TO XKe.

Onpepesaenne. Kpagpatnunas  ¢gopma  f(x, X,,...,x,)  Ha3bIBaeTCs

nON0JdHCUMeENbHO onpedenenHou, ecam  f(x, x,,...,x,)>0 Ha m00bIX Habopax

3HAUEHUH HEM3BECTHBIX X, X, ..., X,, XL +X; +..+Xx-#0 (T. e. Kpome Habopa

n?o

HEU3BECTHBIX, KOTAa x; =x, =...=x, =0).
Onpepesaenne. Kpagpatnynas  ¢gopma  f(x, X,,...,x,)  Ha3bIBaeTCs
NONOACUMENLHO NONYOnpeoeneHnou, eciu  f(x, x,,..., x,) >0 Ha J100bIX Habopax

3HAYECHUN HEU3BECTHBIX X, X5, ..., X, .

Onpepesaenne. Kpagpatnynas  ¢gopma  f(x, X,,...,x,)  Ha3bIBaeTCs
ompuyamenvho onpeoenreHHou, ecim  f(x, X,,...,x,)<0 Ha moObIXx Habopax

3HAUEHHH HEM3BECTHBIX X[, X,, ..., X,, XL +X; +..+Xx-#0 (T. e. Kpome Habopa

n?o

HEU3BECTHBIX, KOTAa x; =x, =...=x, =0).
Onpepesaenne. Kpagpatnynas  ¢gopma  f(x, X,,...,x,)  Ha3bIBaeTCs
ompuyamenvbHo noyonpedeieHHou, ecna  f(x,, x,,...,x,) <0 Ha JHOOBIX Habopax
5 1> 42 n

3HAYECHUN HEU3BECTHBIX X|, X5, ..., X, .

Onpepesaenne. Kpagpatnunas  ¢gopma  f(x, X,,...,x,)  Ha3bIBaeTCs
HeonpeoeneHHOU, €CII CYIIECTBYIOT HAOOpbl 3HAUCHUN HEU3BECTHBIX X, Xp, ..., X

ns
Ha KOTOPBIX f(X}, Xy,...,X,) >0 1 f(x],x,,...,x,)<0.

[lonoxuTeNnbHO OmpenesieHHas KBajapaTU4Has (opma moclie NMPUBEICHUS K
KaHOHWYECKOMY BHJly OyJe€T MMETh TOJBKO MOJOXKUTEIbHbIE KOAI(DPUIMEHTH TpH
KBaJIpaTax BCEX /1 HEU3BECTHBIX. [[JI MOJOXUTEIBHO MONYyONpeneaeHHON (BopMbl
(mocie mpuBeneHHUs K KaHOHUYECKOMY BHUIY) — HEOTpHUIaTesIbHble KOA(h(DUIINEHTHI
(HEKOTOpBIE MOT'YT OBITH PAaBHBI HYJIIO).

AHaNOrn4Hble YTBEP>KIAECHUS UMEIOT MECTO ISl OTPULIATEIBHO ONpPEIeIECHHBIX
Y TIOJTyOTIPEICIICHHBIX KBAaJIPATUUYHBIX (POPM.

Teopema 3 (kpumepuii Cunveecmpa). KBagpatuunas dopma f(x, X5, ..., X,,)
SBIISICTCSl TIOJIOKUTEIIBHO OIpPENeJICHHON TOTJa W TOJBKO TOTJa, KOrJa BCe
OKaUMIAIOWUe MUHOPbI MATPHUIBl KBaJAPATUIHON (OPMBI TOJIOXKUTENBHBL. T. e.

a, a, a, a4, 4
A =a, >0, A, = >0, Ay=la, a, ay|>0> , An=|A|>O.
a a
21 2
a3 Gy dsg

KBagpatuunas popma f(x,, x,,..., X,) ABISETCA OTPULATEIBHO ONPEAECIEHHON TOrAa

U TOJILKO TOT/Ia, KOTJla 3HAKU OKAMMIISIOIIMX MHUHOPOB MaTPHILl A KBaApaTUYHOM

GopMBl  uepenyrOTCs, HauyuHas CO 3HaKa «MHHyc», T. €. A =aq,, <0,
all alZ

AZZ >0, e
a21 a22
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Eciu ectp aBe kBajgpatuunble ¢GopMmbl f W g, ONpeleieHHble B
JNEUCTBUTENBHOM JIMHEHHOM TMpPOCTPAaHCTBE, NpUueM f — MOJOXHUTEIbHO
ONpeJieieHHasl, TO MOXKHO YyKa3aThb Takoil 0asuc, B KoTopoM f OyAeT uUMeThb
HOpMaJIbHBIN BUJ, @ ¢ — KaHOHHWYeckuid. T. e. JBe KBaApaTuyHble POpPMBI, OJTHA U3

KOTOPBIX MOJIOKUTEIBHO ONpe/ieNieHHasl, MOTYT ObITh MPHUBEACHBl K KAHOHHUYECKOMY
(a ogHa paxke K HOPMaJbHOMY) BHJlY OJHOBPEMEHHO, T. €. OJHMM M TEM K€
npeoOpa3zoBaHueM. JTo Jenaercs B naBa dTama. CHayana npUMEHSIETCS
npeoOpa3oBaHue, NPUBOJAILEE MOJIOKHUTEIBHO OIPEACICHHYI0 KBaJIpPaTUYHYIO
dbopMy K HOpPMaJIbHOMY BHIY (€ro MOXHO IMOJYy4YUTh, HalpUMEp, METOJAO0M
BbIJICJICHUS TOJIHBIX KBajparoB). Ilpu sTtom npyras kBaapaTuyHas ¢opMa Kak-TO
npeoOpa3zyetcs. Ha Bropom astame, Haiiisi cOOCTBEHHBIE BEKTOPHI MAaTPHUIbl BTOPO
KBaIpaTUYHOW  (QOpPMBI,  OCYILECTBISIEM  OpPTOTOHAIbHOE  MpeoOpa3oBaHUE,
MPUBOJIAILEE BTOPYIO KBaIpaTHUHYIO0 (GOpMYy K KaHOHHYecKoMY BHUay. [Ipu sTom Bua
nepBoM KBagpaTUUYHOM (OPMBI OCTaeTCs HOPMANbHBIM, TaK KaK OPTOTOHAJIBHOE
npeoOpa3zoBaHue €AMHUYHYIO MATPUILY TIEPEBOJIUT B €AUHUYHYIO.

5.9. Pemienue 3a7a4 Ha JTMHeHbIE IPOCTPAHCTBA

I[pumep 1. OproHOpMUpOBATH HA3UC:
¢ =(110), &, =(0;L,1), ¢ =(L;0;1).
Pemenne. € =¢, =(1;1;0),

g=5,- 29 =012 OLD g o) - 1 -Lano=2.1,
g.e (1,1,0)-(L,1,0) 2 22
6.8 & 1,0,1)-
=620 a -2 -0 - (oD L)~

(1L1,0)-(1,1,0)
L0015, 1.0 2 22

.(_ s )1):(19091) (1 1 O)__(__ A ) ( 5 _)
(_}é)}é)l)'(_}é)}é:l) yz yz 3 33

[Monyunnu oproroHanbHblid Gasuc. Temepb ero HopMupyeMm (HOPMHUpYEM
BEKTOPKI, €I'0 COCTE[BHHI’OHII/IC):

NG Yo s N6, B 3B

=0 A= A=)

bazuc €, ), 53 SABJISIETCSI OPTOHOPMUPOBAHHBIM.

IIpumep 2. Oneparop nan Matpuleit A B HEKOTOpoM Oasuce:

-2 2 2 1

-3 3 2 1
A=

-3 2 3 1

-2 1 1 2

Haiitu Matpuiny omeparopa B 0a3uce U3 COOCTBEHHBIX M IMPUCOCTUHECHHBIX
BEKTOPOB.
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Pemenue. Halinem xapakTepuCcTUUYECKUI MHOTOWIEH:
2-A 2 2 1
-3 3-1 2 1
A-2E|= =" =62+ 1307 —12A+4=(A-1)*(A-2)’.
PET: DO (-D(-2)
—2 1 1 2-A

Torna nonyyaem ero kopuu: 4, =1, A4;, =2.

Hatinem coOCTBEeHHBIE BEKTOPBI, COOTBETCTBYIONINE COOCTBEHHOMY 3HAUYCHUIO
A=1:(A-1E)h=0,T.e.

32 2 1)(a) (0
32 216 |o
3 2 2 1|e| |of
21 1 1)\d) lo

BbInonHUM 31€MEHTapHBIE MPEOOpPa30BaHMs CTPOK C LEIbI0 OOHYJIUTH BCE
AJIEMEHTHI CTOJIONA, KPOME BBIAEIIEHHOTO (B Ka)JI0H CTPOKE M KaXKJIOM CTOJOLE HE
0oJiee OHOTO BBIJIEJIEHHOTO JJIEMEHTA):

-3 22 1Yy (0 O 0 O 0 0 0 O
-3 22 1 [0 0 0 O 0 0 0 O

S22 [ 13 2 2 W7o -1 -1 )
2 11 1 i -1 -1 o) \[l -1 -1

—b—c+d=0

a—-b—-c=0

S

OTKyZa { . llyctp b=C,, ¢c=C,. Torna a=C +C,, d=C/ +C,.

[Tonaras cuavana C, =1, C, =0, a3arem C, =0, C, =1, nomyuyaem iBa COOCTBEHHBIX
BEKTOpa, COOTBETCTBYIOMMUX A =1:
h=(1,1,01) u h=(1,0,11) .
Haiinem coOcTBEeHHBIE BEKTOPBI, COOTBETCTBYIOLINE COOCTBEHHOMY 3HAUYEHUIO
A:Z:(A—2E)E:6 , T. €.

4 2 2 1\a) (0
31 2 16| |0
3 21 1lel| |of
211 0l\d) o

BbInonHuM 3n€MEHTapHBIE MPEOOpPa3OBaHMs CTPOK C LEIbI0 OOHYJIUTH BCE
AJIEMEHTHI CTOJIONA, KPOME BBLAEIEHHOTO (B Ka)JI0H CTPOKE M KaXKJIOM CTOJOLE HE
0oJiee OAHOTO BBIJIEJIEHHOTO DJIEMEHTA):
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422 (=4 2 210 (0o o ofl) (o0 olfl
3121 1 -1 0 0| |1 -1 00| [0 00O
—3211_)10—10_)—100_)—100’
21 10) \21 [ o (=21 o) (=1 oo
d=0

orkyaa s—a+b=0. Ilyctb a=C. Torna b=c=C. llonaras C=1, mnonxydaem
—-a+c=0

TOJIBKO OJMH COOCTBEHHBIH BEKTOP, COOTBETCTBYIOIIMH A =2: 53 = (1,1,1,0)T.

[Tockonbky A =2 — KOpeHb KPaTHOCTH 2, TO HEOOXOAUMO HANTH MPUCOCTUHCHHBIH

BeKTOp (4 — 2E)}_i = 53 , T.€.

— NN
—

1
1
|

I

o
[N )
o o Q

-2 1 1 d) \0

BbInonHUM 31€MEHTapHBIE MPEOOpPa30BaHMS CTPOK C LEIbI0 OOHYJIUTH BCE
AJIEMEHTHI CTOJIONA, KPOME BBIAEIIEHHOTO (B Ka)JI0H CTPOKE M KaXKJIOM CTOJOLE HE
0oJiee OHOTO BBIJIEJIEHHOTO DJIEMEHTA):

S

4221 (4 2 201} (o 0 offi)] (oo ol
31211 [1 <10 oo| |1 -1 0 ool [0 0 0 0o

— — — ,
321t 1t o -1 ool =[] o ool |-t o ol
21100 (21 [ 00 (2 1] 0° (-1 0] o

d=1
orkyna s—a+b=0. Ilycte a=C. Torna b=c=C. Ilonaras C=0, mnoxydaem
-a+c=0
MIPUCOEANHEHHBIN BEKTOP };3' K COOCTBEHHOMY BEKTOPY };3 : ii; =(0,0, 0,1)T.
Haiinem matpuiy omepatopa B 0a3uce U3 COOCTBEHHBIX UM MPUCOEIUHEHHBIX

—

BEKTOpPOB /,,h,,h,,h; (0603HaunM ee B). Matpuia mepexona oT craporo 6asuca K
HOBOMY 3aluIIeTCs W3 BEKTOPOB HOBOro 0Oasmca CICAYIONIMM  00pa3oM:

1 110
1 0 0 . .

S = o110 Martpuma, oOpaTHass K Hel (ecnu ee HalTtu) Oyner:
1 1 0 1
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I 0 -1 0
. I -1 0 O
-1 1 0
-2 1 1 1

I 0 -1 0)y-2 2 2 1)1 1 1 O 110 O

I -1 0 O0f-3 3 2 1|41 0 1 O OL1] 0

Torma B = =
-1 1 I 0f-3 2 3 10 1 1 O 0 0] 2
-2 1 1 1)X-2 1 1 21 1 0 1 0 0LAO

Ipumep 3. CocraButh MaTpuny A KBaApaTUYHOW (OPMBI OT TpeX
HEU3BECTHBIX [ (X, X, X3) = 7x{ —3X5 + 4x,, — X,X;.
Pemenune. Matpuiia 310l KBaipaTUUHOU (POPMBI UMEET BUI:

72 0
A=|2 0 0,5/
0 -0,5 -3

Ilpumep 4. VYkazarh KBaApatTHuHyro (opMy f, COOTBETCTBYIOUIYIO
CHUMMETPUYECKONU MaTPULIE

4 -1 1
A=|-1 =5 3.
I 3 2

SBnsiercs M yka3zaHHas KBaapaTuuHas (hopMa HEBBIPOXKICHHOM?
Pemenne. Ilopsiiok maTpuiibl 4 paBeH TpeM, MOATOMY KBajapaTuyHas dopma f
OyJIeT 3aBUCETh OT TPEX HEM3BECTHHIX. Toraa

FOry, Xy, X3) = 4x7 —5X5 +2X5 — 2x,X, + 2X,X3 +6X,X;.
Boruucnum onpenenurens: | A|=—-40-3-3+5-2-36=-79. Tlockonbky |A[%0,

TO KBaJpaTHU4Has GopMa f HEBBIPOXKACHA.

IIpumep 5. Jlana kBagpatuuHas Gopma
FOry, Xy, X3) = Xf =27 +5x73 — 20,2 + 2X,X3 + 62,X5 .
[IpuBectn 3Ty GopMy K KAaHOHMYECKOMY BHAY C MOMOIIBIO MEpPexXojia K IPyromy
0azucy.

Pemenue. BeinenvuM BHayase NONHBIN KBaJApaT IO MIEPEMEHHOMN X, IMOJIyYUM:
2 2 2 .
f=(x] = 2xx, +2x,x;) — 2x5 + 5x5 +6x,%; =
_ 2 2 2 2 2 .
=((, = x, +x3)" = x5 — x5 +2x,%;) — 2x; + 5x7 + 6x,x; =

=(x, — X, +x;)" —3x; +4x] +8x,x,.

I[anee, BBIJCJIMM IIOJIHBIC KBAaAPAThI 110 IICPCMCHHBIM X, U X;.

f =0 —x, +x3)2 —3-(x§ —§x2x3j+4x32 =
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ITonoxum

N=X—X+X,
4
Yy =Xy =Xy,

3
V3 =X;5.

Torpa kBagpatuuHas GopMma f IpUMET KAaHOHUYECKUN BU/L:
2 2 28
gV, Y2, ¥3) =y —3y; +?y3 :
HOKa)KeM, qTo y19y29y3 — 6a31/1c. B ManI/I‘{HOM BUJIC 3aMCHa HepeMeHHBIX

N=X—X X,
4

Vo =Xy = X5,
3
Y3 = X3,

MPUBOASALIAS KBaJPaTUYHYIO bopmy f K KaHOHUYECKOMY BULLY

28
gV, Y0, 13) = y12 -3 y§ + 3 y32 , BBITJISLTAT CIIEAYIOIIUM 00pa3oMm:

Y 1 -1 1 X,
v, =0 1 —4/3|x,
Vs 0 0 1 X,
I -1 1
Marpuna §7'=| 0 1 -4/3 | UMeeT HeHyneBou onpenenutens. [losTomy 1 MaTpuna
0 0 1

S (cronbuamu KOTOPOH SIBIIAIOTCA KOOPJIMHATBHI B CTApOM 0a3uce BEKTOPOB HOBOTO
0a3uca) TakKe HEBBIPOXKIEHA. 3aMETHM, YTO PAHT UCXOJHOM KBaJApaTUYHOU (POpPMBI f
paBeH 3, Tak Kak YMCJIO HEHYJIEBBIX KO (DUIIMEHTOB B KAHOHUYECKOM BHJI€ PABHO 3.

Ipumep 6. [lpuBectu kBagpatuunyo dopmy f(x;,x,)= 2x12 + Sxf +4x,x, K
KaHOHMYECKOMY BHMJY JIByMsS CIOCOOaMU: C  TOMOIIBIO  OPTOrOHAJIBHOIO
npeoOpa3oBaHusi (3amucaTh SBHBIM BHJ ATOro mpeoOpa3oBaHUsA) M METOAOM
Jlarpanxa. [IpoBepuTh BBINIOJHEHNE 3aKOHA UHEPLIUH.

Pemenue. /-ii cnoco6. Matpuna KBaapaTUYHOH (QOpPMbI HMMEET BHUI:

2 2
A= (2 5) CoOcTBEeHHBIEC 3HAUCHHUS:
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2-M\
2 5=
Toraa opTOHOPMUPOBaHHBIN 0a3UC COOCTBEHHBIX BEKTOPOB:
(2[5 (N5
e = 1/J§ (g A=1); e, = 2/\/5 (

Bektopsl € u €, (B cuimy TOro, uto mMaTpuua 4 — cCUMMETpUYecKasi, COOCTBEHHBIE

r=1,
A=6.

—0 & M -7h+6=0 @{

oIt L =6).

quciia pa3IuyHbl) B3aMMHO-OPTOTOHANIBHBL. BripoueM, yciioBue OpTOrOHAJIBHOCTHU €,
U €, MOXHO IPOBEPUTh U HEMOCPEACTBEHHO, TaK KAaK CKaJSIPHOE IPOU3BEICHUE
é -6, =0. Orcrona, MmaTpuiia S OpTOroHaJIBLHOTO NPeoOpa30BaHMsI UMEET BU:

(25 15
Ly )

Toraa siBHBIN BUI 3TOT0 OPTOTOHAIBHOTO MPEOOPa30BaAHUS CIIETYIOUIUI:

2 1
X :_ﬁyl +ﬁy29

S

1 N 2
X = Y Ya-
NERENG
C nmoMo1pto 3Toro npeodpazoBaHus KBaapaTudHas GpopMma f mpuMeT BUJL;
2 2
g,y =y +6);.
2-1i cnoco6. Beiienum nosaHble KBAAPaThl 0 IEPEMEHHBIM X U X, :
£, %) =207 + 2x,2,) +5x3 = 2((x; +x,)> —x3) +5x7 =2(x; +x,)” +3x5.
[lonoxum z, =x,+x,, z,=x,. Torma kBagpatuuHas Qopma f NpPUMET BHI:
h(zy,2,) =2z +3z3.
3aKOH MHEPLUHH, OYEBUIHO, BBITTOIHAETCS.
IIpumep 7. SABnsiercs au MOJTOKUTEIBHO ONPEACIICHHON KBajpaTudHas Gopma
F (x5 Xy, X3) = 5X0 + x5 +4x3 +4x,X, — 20,0 — 2,3 ?
5 2 -1
Pemenne. Matpuinia kBagpaTuyHOW (GopMbl UMEET BUI: A=| 2 1 —1].
1 -1 4

2

5
Torma A, =5>0, A,= 5 1=1>O, Ay =det(4)=20+2+2-1-16-5=2>0.

3HauuT, no kpureputo CunbBecTpa, KBajapaTuuHas ¢opMma f(x, x,,x;) SBIIETCA
IIOJIOXKUTEIIBHO ONPEIEICHHOM.

Ilpumep 8. IlpuBecT® K KAHOHMYECKOMY BHAY OJHOBPEMEHHO JBE
KBaIpaTUYHbIE POPMBI

45x12 +72x,x, +18x,x; + 45)622 +18x,x; + 18x32 ,
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90x; + 144x,x, +36x,x, +106x; +36x,x, +36x; .

45 36 9
Pemenne. Marpuna mnepBoil kBaapaTtuyHoil ¢opmbl A=|36 45 O |, a
9 9O 18
90 72 18
BTOpOoii — B=|72 106 18 |. Jlerko npoBepuTh, 4TO TIepBasi KBajapaTtuuHas dhopma
18 18 36

IIOJIOKUTENBHO ompeneneHHas. [IpuBenemM ee K KaHOHMYECKOMY BHIY, BbLAEISAA
2 2 2
NOJIHBIE KBaxpatTsl. 45x; + 72x,x, +18x,x, +45x; +18x,x; +18x] =

=36x. +72x,x, +36x; +9x7 +18x,x, +9x5 +9x +18x,x, +9x] =
= (6x, +6x,)” +(3x, +3x,)" + (Bx, +3x,) = (x)) +(x})* + (x})?,

-1
rae  x; =6x,+6x,, x,=3x+3x;, x;=3x,+3x,. Tak xak x'=S x, TO

6 6 0 /12 1/6 -1/6
S'=[3 0 3| Torna S =|1/12 -1/6 1/6 |. CnenoBaTelnbHO,
0 3 3 -1/12 1/6 1/6
1 0 0 19/9 -2/9 2/9
C=S8"4S,=|0 1 0|, a D=S"'BS,=|-2/9 22/9 -4/9|. Teneps Haiinem
0 0 1 2/9 -4/9 22/9

19/9-4 2/9 2/9
XApaKTEpUCTUUECKUN MHOrowieH wMarpuusl D: | -2/9  22/9-A4 4/9 |=
2/9 —4/9  22/9-4
=-A"+7A*—16A+12, u ero KopHu A, =3, A5 =2. COOCTBEHHBIE BEKTODBI,
C
COOTBETCTBYIOIIME A, =3, UMEIOT BUJ h=|-2C |. Torma B KauecTBe GA3HCHOIO
2C
1/3
MOXHO  B35Th  (HOPMHUPOBAHHBIN) fq: —2/3|. CoOcTBeHHBIE  BEKTOPHI,
2/3
2C, -2C,
COOTBETCTBYIOIIUE A,; =2, UMEIOT BUJ h= C . Jlerko mpoBEpUTH, UYTO
CZ

KaXAbIH M3 HUX OpPTOroHajeH /. BelbepeM aBa, OpTOrOHANBHBIX MEXKIY COOOI.

114



2 2) (2C, -2C,
Ilycts h,=|1|. Torma h, waiitem u3 paseHctBa |1 |- G =0, T.e.
0 0 C,
-2
4C, —4C, + C, =0. 3HauuT, B KauecTBe };3 MOYKHO B3ATh 53 =| 4 |. Hopmuposas }_z;
5

2/+5 2/ (35)

U };3, IOJIy4YUM EZ: 1/\5 | n 53: 4/(3\/5) . 3anmceIBas EI, h, u h, Kak

0 5/(34/5)

CTONOLBI  MaTPWIBI, TIONYYUM MATPHUILy OPTOTOHAIBHOTO  TpeoOpazoBaHUS
173 2/5 =2/(35) 10 0
S,=|-2/3 1/~/5 4/(3\/5) . Cnenoparensho, E=S"CS,=|{0 1 0|, a
2/3 0 5/(35) 001

300
F=8"DS,=|0 2 0|. Torna npeo6pa3oBaHue, NPUBOAALICE K KAHOHUYECKOMY
0 0 2

BUJY OJHOBPEMEHHO JBE JaHHbIE KBaJpaTUyHbie (DOpPMBI, OyIeT UMETh MaTpPHILY
~7/36 5/15 —/5/45
S=5,-5,=| 1/4 0 0 , @ camMu KBaJpaTtuuHbie (QopMbl OyayT

~1/36 0 ~/5/9
npuBeaenbl K BUay (x])° +(x5)° +(x5)” m 3(x))* +2(x5)* + 2(x})’.

5.10. 3agaum 1y1st CAMOCTOATEIBHOTO PelICHUA

3apaua 1. Jlokaszath, uTo ¢ — 6asuc. Haiitu koopauHaTel X B 3TOM Oasuce,
€CJIM OHU JaHbl B CTAHJAPTHOM:

N & S -1y _ (0
a)e:(el,ez),elz . , €, = . , X = 1;
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0 1
1 0 0 0 1
. 1| - 2| _ 1| _ 1| - |-1
r)e—(el,ez,e3,e4),e1= . , € = 0 , € = 3 , €, = 0 , X = 4
1 0 1 4 -2

3agaua 2. Haiitu xoopauHaThl BeKTOpa X B 0a3uce €', eciau OHU JaHbl B
Oasuce e:

e )

1Y (1) (0 0)(0) (4 1
6)e=||1[|0oL|1]];e=]]0 ,[3 ,[0 ;55[1}
0)\l1)1 2)10) 10 1

1) (1 10 (0) (3 0
B)e=||0[|0|1]|];¢= 1}, 2}, 1} ;x[o}

1)1 1) 10 1

r) e=

B~ O vV o o =

3Y(3)(3
0111 1]1
012112

RS N
o = o O

0

3anaua 3. OpTOHOpMI/IpOBaTB 6aszuc e:

i
(1) w
|

e

w o b~

Bye=||1||2]|1]]; r) e=
1){0)10

-

1Y(0
01,1
1)1
3) (0
4110
120111
4)10)\3

3anaua 4. Haiitu matpuily oneparopa A B 0asuce €', eciii oHa JlaHa B 0a3uce

S = O
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1Y(O 1) (-1 1 2
a)e=| Ll |[s€=|]|,| ; A= ;
1 1)1 3 4
1Y(1)[O 0)(0)(4 1 1 0
0)e=[|1 [,|OL|L|[;e=[|0,/3L|O0]||; 4=]0 1 O0];
0)\(1)1{1 2)10/)10 0 0 2
1Y(1)(1 1Y(0)(3 1 1 0
B)e=||0LIOL|L|[;e=]|1L|2|1]|];4=|0 1 1];
0)\(1)1{1 1)L0)10 0 0 1
1Y(1)(0) (1 LY(1) (1) (1 1 0 0O
O{[L]{O]||O O||1(]L]]O 0 2 00
r)e: b > > ;e,: b b b ;A:
{111 O|1(|1]]1 0 0 30
0){1)l0)\1 0)l0)\1)10 0 0 0 4
3amaya 5. Haiitu coOCTBeHHBIE 3HaueHUS MW COOCTBEHHbIE (U

MIPUCOEAUHEHHBIE) BEKTOPHI ONlepaTopa, 3aJaHHOTO MAaTPULICH:

2 1 21 3 -1 11
) L P

3amaya 6. Haiitu wmatpuily omepatopa B 0a3uce W3 COOCTBEHHBIX U
MPUCOEIMHEHHBIX BEKTOPOB, €CJIM OHA JlaHa B CTaHAApTHOM Oa3uce:

0 1 0 12 -6 -2 4 -5 2 1 -3 3
a)| -4 4 0|; 6)(18 -9 3|;8)|5 -7 3|; r|—2 -6 13].
-2 1 2 18 -9 -3 6 -9 4 -1 -4 8

3apauya 7. [lpuBecTd K HOpMajgbHOMY BHUAY METOJOM BBIJCICHHS TOJHBIX
KBaJIpaTOB:

a)x; + x5 +3x7 +4x,x, +2x,%, +2X,X,;
6)x] —2X5 + x5 +2x,%x, +4x,x; +2%,X, ;
B) X, —3x —2x,x, + 2X,X, — 6X,X;;
)X, X, +X,X; + XX, +X,X; + X,X, + X, X, .
3agaya 8. IlpuBecTM K KaHOHHYECKOMY BHIY METOJIOM OpPTOTOHAIBHOI'O
npeoOpa3oBaHus, Halisi COOCTBEHHBIE BEKTOPHI MATPULIBI KBAIPATUYHOM (POPMBI:

a)3x5 +3x5 +4x,x, +4x,x, —2%,X, ;
6)7x. +7x5 +7x5 +2x,, +2x,%; +2X,X, ;
B) X, —2X,%, — 2X,X; — 2X,X;
r) 3x7 +3x; — x5 — 6x,x; +4x,X, .
3agaua 9. [IpoBeputh KBagpaTu4Hble (HOPMBI Ha 3HAKOOIPEEIIEHHOCTh!
a)3x7 +3x2 +3x] —2x,X, ;
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6)5x] +3x2 +4x] +4x,x; +4x,X, ;
B)27x] +3x; —10x,x,;

r) —2x7 —4x; —3x] +4x,x, +2x,%;.

3agaya 10. IlpuBecTM K KAaHOHMYECKOMY BHJIY OJHOBPEMEHHO [BE
KBaJ[paTH4HbIe (POPMBI U HAWTU MATPUILY JAHHOTO MpeoOpa30BaHus:
a)45x] +72x,x, +18x,x, +45x3 + 72x,x, +153x],
90x; + 144x,x, +36x,x, +106x3 +192x,x, +342x] ;
6)45x] +72x,x, +18x,x, + 45x2 + 54x,x, +90x],
90x; + 144x,x, +36x,x, +106x3 +140x,x, +196x; ;
B)45x] + 72x,x, +18x,x, +45x] +36x,x, +45x7,
90x; + 144x,x, +36x,x, +106x +88x,x, +94x];
r)45x7 +72x,x, +18x,x, + 45x; +18x,x, +18x7,
81x] +132x,x, + 54x,x, +102x7 +48x,x, +27x; .
5.11. OTBeTHI
1
1/2 0
1)1/2 6) [1/21; B) | -1 )_12)1/2 6) [2/3]; B) |0
. a ; ; B) |—l|;r . a ; ; B ;
1/2 1 1/2
1/2 1 . 1/2 0
-3
12 (146 ) (-1/43
-5/2 3/410 ) [ -1/+/10
0| o0 [( ﬁ]( J/_—ﬂ 6) [[1/2 ]| =1/6||1/43 ||
- 1/410 ) (3/+10
A 0 Jl2/46 J[1/+3
15 [ 27355 ) (47322 (2166
13 (<146 (1742
0 || 5/455 || /422 ||-5/466
B) || /32746 || 0 |; r) : : :
2/35 || -1/455 || 27422 || 1//66
133 ]| -1/46 | -1/42
0 J{ w22 ) 5455 )\ 6/466
s 3/2 3/4 -1 2 1
4 a) (2 O]; 0) 2/3 1 0 |; B) -1/2 1/3 -1/31|;
1/4 -3/8 3/2 0 -2/3 2/3

()

N
S NN O O
—_ O O O
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. 5. 9) /11,2:39 hl:(l]’ hz:(l]; 6) 4 =1, hl:(—l]’ A =5,



il w e i) w0 aer Re(L)
3 ’ 2 -1 ’ 1+i

2 0 0 0 0 O 1 0 O 1 1 0
6.2)|0 2 11; 0) 0 0 1¢; B) 0 0 1f; T) 0 1 1]1.

0 0 2 0 0 O 0 0 O 0 0 1
7.2) (x]) +(x5)” — (%)’ 6) (x))” = (x))* = (x)’; B) (x)) —(x})’;
1) () = (%) = ()" = (x})". 8. a) 4(x])” +4(x;)” —2(x})*;
6) 6(x)” +6(x,)* +9(x})’; B) (x))” +/3(x)” = V3(x))’;

r) 3(x)* +(1+ J17 )+ (11— J17 )X, 9. a) OJIOKUTEITLHO oTIpe/ieiIcHa;
0) MOJIOKUTENIBHO OIpEeeHa; B) IMOJOKUTEIBHO OIpeeseHa; I') OTPUIIATETBHO
oIpe/eIeHa. 10. a) (x])* +(x})* +(x})7, 3(x) +2(x))7 +2(x)%,
~19/90 5/15 245745
4/15 0 —J5/15|; 6) () + () + ()7, 3(x)+2(x5) +2(x%)7,
~1/90 0 25/45
—5/24 J5/15 5/30
19/72 0 =/5/18[; B (X +(x)+(X) 3(x)+2(x)1 +2(x),
-1/72 0 5/18
“11/54 5715 245/135
7/27 0 —J5/271; 1) () + () + (x5, 2(x) +3(x))7 + (%)),
~1/54 0 25/27

1/9 -7/36 -1/9
0 1/4 0
1/9 -1/36 2/9
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